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ARTIN-SCHREIER EQUATIONS IN CHARACTERISTIC ZERO.* 


By R. E. MacKenzie and G. WHAPLEs. 


The proof of the existence theorem of generalized local class field theory 
[6,7] shows that if & is a field over which that theory holds and p is the 
characteristic of its residue class field then the cyclic extensions of k of 
degree p fall into two disjoint classes. Each extension of the first class is 
contained in the composite of finitely many extensions generated by root of 


Artin-Schreier equations 

(1) | part | <1. 

Each extension of the second class is generated by a root of an equation 
(2) —a=—0, aek, 


where | {| | Bek-}. Extensions of the second class occur only 
when & has characteristic zero and contains primitive p-th roots of unity. 

This suggests the conjecture that every extension of the first class is 
generated by a root of one Artin-Schreier equation. This is well known, 
of course, when & has characteristic p [9]. In this paper we prove the 
conjecture not only for the fields of local class field theory but for all fields 
which are maximally complete [2,4] under an arbitrary non-archimedean 
valuation (not necessarily discrete or of rank one) and which have a residue 
class field with no inseparable extension. Even without this assumption on 
the residue class field our methods give considerable information about the 
eyclic extensions of degree p. 

In local class field theory the two classes of extensions can be distin- 
guished by certain inequalities involving either the conductor or the different. 
In our mere general situation the conductor and different are unavailable 
but we introduce another invariant, the distortion constant, which takes 
their place and happens also to simplify the computations very much. 

This gives a method of assigning to each cyclic extension of degree p a 
canonical defining equation. In the local class field case this poses the 


* Received May 26, 1954; revised February 3, 1956. Work of Whaples on this paper 
supported in part by National Science Foundation Grant NSF G1916. 
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problem of finding an explicit reciprocity law, namely, a rule translating 
the class field theory parametrization of extension fields and their auto- 
morphisms into the parametriaztion given by our canonical defining equations. 
Such laws have up to now been restricted to the case where & has characteristic 
p or contains primitive p-th roots of unity due to the lack of a canonical 
defining equation in the other case. The problem of finding an explicit 
reciprocity law separates naturally into two parts: (A) Find an explicit 
formula for the norm residue symbol defined on some particular basis for 
elements of k* modulo norms. (B) Find an explicit basis for the group of 
norms. We have solved (A) but not (B). 

Oystein Ore [3] has also studied generating equations for such cyclic 
extensions (not only of degree p but of degree p”") in the absence of p-th 
roots of unity. Although his general ideas are similar to ours he restricts 
himself to algebraic number fields, uses congruences instead of equations, 
and, because he wants congruences with integral coefficients, has several 
standard forms instead of only two. 

For brevity we state at the beginning of each section the assumptions 
made in it and do not repeat these assumptions in stating propositions and 


theorems. 


1. Orthobases. Let K have a nonarchimedean valuation | | with no 
assumptions of completeness. Let K/k be finite algebraic and K/k the 
residue class field extension. Let n, e, f denote the degree of K/k, the 
ramification number of K/k, and the degree of K/k, respectively. 


Definition 1. A sequence A,,A.,--°,A, of elements of K is called 
an orthobasis for K/k (relative to | |) if it is a basis and 


(3) | >,«,A, | == max,|@,A,| for all +, 


The name was chosen because, like an orthonormal basis of a normal 
vector space, an orthobasis makes absolute values easy to compute. If the 
valuation is not discrete there may not exist any minimal basis for K- 
integers over k-integers, but an orthobasis is an excellent substitute. 


PROPOSITION 1. K/k has an orthobasis if and only tf ef =n. 


Proof. Let {Aj} be a finite set of elements of K such that {| A;|} are 
in distinct cosets modulo|k-| and let {B;} be elements of value 1 whose 
residue classes are linearly independent over &. It is easy to see that the 
elements {A;B;} satisfy (3) and are therefore linearly independent over k. 


The well known statement n= ef [1] follows. If n> ef then any set of n 
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elements of A contains more than f elements whose values are in the same 
coset modulo | i: | and hence fails to satisfy (3). 


Definition 2. An element Ae XK is called an orthogenerator for K/k if 
1,A,A*,- are orthobasis. 


2. Distortion constant. Besides the assumptions of Section 1 let K/k 
he cyclic with a generating automorphism o such that 


(4) |oA|=|A] for all Ack. 


Definition 3. An element Te K is called a distortion constant (d.c.) 
for /k when 
(5) coA=A(1+T) for some AeK and 


(6) oB=B(1+ for all Bek, 
where denotes an element of value 


Clearly K/k has a d.c. if and only if ((o--1)B/B = B**—1 assumes 
a maximum value for some B—AekK. If any d.c. exists the value of 
every d.c. equals this maximum, hence is an invariant of K/k and o. Since 
l= ((s—1)A)/A=A%™!—1 it follows from (4) that |T|S1. By 
induction using (5) we obtain for all 1 


(7) (1 +0Pr) =A(14 O(P)). 


Similarly from (6) we see that o/B=B(1-+O(T)) for all « and all B. 
If + is another generating automorphism and I” a d.c. corresponding to it 
then IY =O(T) and r=O(I”) so |T| does not depend on the choice of o 
and is an invariant of K/k. 

The essential idea of a d.c. and of the following proposition appears 
in O. F. G. Schilling’s book [4, pp. 80, 81]. 


Proposition 2. If K/k has an orthobasis A, and 
is of maximal value for i=1,2,- + -+,n then it is ad.c. If A is an ortho- 


generator then 1—1 is a d.c. 


Proof. let A,,Ao,° *,An be an orthobasis and let be of 
maximal value. Then for all B= > 2,A,e K we have cB = > 2,A,(1 + O(P)) 
so |(o —1)B | <max,|a,A,0(T)| S| by (3). Hence cB = B(1 + O(T)) 
and T is a d.ec. If A is an orthogenerator and oA—A(1+T) then 
oA” = A’(1+T)”=A"(1+ O(T)) because |T|=1. So from what was 


just proved T is a d.e. 
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8. Cyclic extensions of degree p. Besides the assumptions of Sections 
1 and 2 assume K/k is cyclic of degree p where 0S |p| <1 and ef =p. 
p is the characteristic of k and may or may not be that of &. Our results 
are of interest only in the case when & has characteristic 0. 


Then K/k always has an orthogenerator A. 


Definition 4. If e=p let A be any element with |A|¢|k° |. If f—p 
and K/k is inseparable let A be any element of value 1 whose residue class 
is not in k. If f—=p and K/k is separable choose A of value 1 so that 
oA =A+1,i.e.. cA=A-+1+0(1). This is possible because & has charac- 
teristic p [8]. Call an A chosen in this way a canonical orthogenerator 
of K/k. 

K/k has a d.c. T, and |f!| <1 unless K/k is separable of degree p. 
We propose now to obtain sharp estimates of the relative values of B, 
(o—1)B, and SB of the sort usually obtained by using the different. 

Let A be a canonical orthogenerator and ocA—A(1+T). Then 
If|T| <1 then 
and has value equal to || when pfi. If |T|—1 then, according to 
definition 4, f A-t so T generates when 
0<i<p. This proves 


(8) [for 
in all eases. Consider the elements 
(9) 1, — 1) A, — 1) -, (o — 1) AP. 


If || <1 then the previous remarks show that these element are equal 
to 1,A+o0(A),2A?+ 0(A?),: (p——1)A®*-+ 0(A?*), respectively, and 
hence form an orthobasis. If || —1 then K/& is separable of degree p and 
The residue classes of the elements (9) are A‘*1((1 A*)!—1) 
for i=1,---,(p—1). They form a basis of K/k so the elements (9) 


form an orthobasis of A/k. It therefore follows that the elements 
(10) lr, (o—1)A, (o—1)A’,- -, (o—1) A? 
form an orthobasis in all cases. 


Let B be any element of K. If we express B in terms of the orthobasis 
(10) we obtain A where Bek, SA=0, and Since 
SB= BST we obtain 
(11) 


and equality holds only if that is, |Ble|T|| |. 


| 
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We may also express B in terms of the powers of a canonical ortho- 
generator A; B=a+@A-+----+a),A?". Then (o—1)B is expressed 
in terms of the orthobasis (10). Using (8) we obtain 


(12) 
and if we put B’ = B—4 we can say there is a B’ such that 
(13) (oc —1)B’ = (o—1)B and | B’| =| T*(o—1)B |. 


TuroreM 1. |T*|=|p| for all K/k satisfying the assumptions of 


Section 3. 


Proof. Wet A be a canonical orthogenerator and [ its d.c. We can 
assume |T <1. By (7) we see that h°A—AN(1+T) so N(1+T) —1, 
i.e. where are the elementary symmetric 
functions. Now |ST| <1. Since |T| <1 it follows from (11) that 
STi—o(SL) for i>1 so, by Newton’s identities, - -+ Fp. =0(ST) 
and 


(14) NT =—ST(1+0(1)). 


Substituting B—1 in (11) we get |p| S|TST |, ie. | ST| So 
(14) gives | NT|=|1T?|2=]Tp| and Theorem 1 follows. 

If & has characteristic 0 then it is not possible without completeness 
assumptions to prove that K/k is generated by a root of an equation of 
either of the types (1) or (2) (see appendix). The best we can do is to 
derive, in Theorem 2 below, conditions that there exist an element satisfying 


a congruence related to (1). 


Definition 5. Let @(2) denote the polynomial a?—a. If k& has 
characteristic 0 let @(a,y) be the polynomial with integal coefficients such 
that (2+ y)?=aP + pd(a.y). 


Note that if | A|2/B] then ¢(A,B) =O(A?"B) and that 


(x+y) =P (x) + (y) + 


Let K/k satisfy the assumption of Section 3. The fol- 
lowing three conditions are equivalent: K contains an element A with 


THEOREM 2. 


(15) (o—1)A~—1+0(1); 
K contains an element M with 
(16) | pM| <1 and SM=—1; 


(17) >| pl. 


| 
) 
fir 
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If A satisfies (15) then |A|2/|T| and A=a-+A’ where ack, A’ satisfies 
(15), and | A’|=|T"|. For any such A’ 


(18) (o—1)9(A’) = 0(1); P(A’) =A+4 ACK, < |p? |. 


If K/k is ramified, conditions (15), (16), (17) hold if and only if 
|. 

Proof. The first three conditions are true when & has characteristic p 
so we may assume & has characteristic 0. If A satisfies (15) we can write 
(o—1)A~—1-+/pM with | pM| <1. Then 0=p-+ pSM so M satisfies (16), 

p-1 
If M satisfies (16) and A=) vo’M then A satisfies (15). So the first two 
1 
conditions are equivalent. From (11) we see that —TI/ST is an element of 
minimal value with trace 1 so (16) is solvable if and only if | pf!) < | ST), 


which by (14) is equivalent to |T??!>1p|. So the three conditions are 


equivalent. 

Now let A be a canonical orthogenerator for K/h. Let A satisfy (15) 
and let A=2,+a,A+:--+a,,A??. Then A’=A—a, satisfies (13). 
Hence | A’| =| T1(o-—1)A '! and (o—1)A’=1-+ 0(1). For any 


such A’, 


(o —1)@(A’) = + 0(1)) + po(A’. 1 + 0(1)) = 0(1) + = o(1) 


| 


from definition 5 because | < | by (17). From (13) we see there 
is aAek such that | @(A’) —A| = | — 1) (A’)| < | | =! This 
proves (18). 

Finally assume K/k is ramified and condition (15) holds. Then 
k-| in the previous discussion so |T|4!k-|. Conversely, if K/k 
| then is an orthogenerator and (o—1)8m™ 


| A’ |¢ 
is ramified and |T 
=1-+0(1) for some 8 in k. 


4, Maximally complete fields. Assume that & is maximally complete 
[2.4] under its valuation | |, that K/k is cyclic of degree p with generating 
automorphism o, that |oB|—=|B]| for all Be K, and that 0S|p! <1. 
Then ef necessarily equals p, K is also maximally complete, and every pseudo- 
convergent sequence of elements of K has a pseudo-limit in K. For every- 
thing concerning maximally complete fields we follow the definitions of 
Kaplansky [2] and Schilling [4] except that we use the | |-notation in place 


of their v-notation for valuations. 


THEOREM 3. If K/k is ramified and the assumptions of Section 4 hold 
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then |C\e|k | if and only if k contains a primitive p-th root of unity and 
for a Bek with | B|¢|k?|. 


Proof. lf K with and & contains primitive p-th 
roots of unity then K/k is ramified and £'/? is an orthogenerator. Since 
for some primitive p-th root of unity we have |T| 
=|{—1]|e|k-| from Proposition 2. 


Let K/k be ramified and |f|e|%: |. By Theorems 1 and 2 | T?*| =| p| 
so & must have characteristic zero. Express [T by a canonical orthobasis. 


The values of all nonzero terms are different so we get 
(19) Pr=y+o(y), yek. 


Then St = Sy + S(0(l)) =py+o(SP) by (11). Hence S(T) (1+ 0(1)) 
= py and St = py(1+o0(1)). From (19) we see also that oT = y + 0(y) 
for all i, so NP = y9(1+0(1)). By (14) y>*=—p(1+o(1)). Since & 
is maximally complete and | p—1|=—1, 1+ 0(1) is always a (p—1)-th 
power in k& [4, p. 61]. So —p is a (p—1)-th power in & and since k 
contains a subfield isomorphic to the p-adic rationals it necessarily [7 | 
contains a primitive p-th root of unity. 

Thus K=—k(A) with A?=aek. Since we are assuming and 
f=1 it is easy to see that we may assume that either |a|#|k-?| or 
a=1-+o0(1). But if ~2=1-+0(1) then K contains an element M satis- 


fying (16), which by Theorem 2 contradicts the fact that |T??| =| p|. 
Namely, let A? =1-+ 0(1) ek. Then 0 with <1 and SA=0 
so S(p?®) =—1 and M~p''® satisfies (16). 


Turorem 4. If the assumptions of Section 4 hold and |T*|> |p| 
then K is generated by a root A of an equation (1) with |A|=|IT*| and 


Proof. Consider the elements A of K which satisfy 


(20) = 


and (15). From Theorem 2 it follows that there are such elements. If <A, 
A’ are two of these we put AX< A’ whenever 


(21) 
and 
(22) \(a—1)@A’| <|(o—1) PA]. 


Let ® be the family of all well-ordered sets of elements of the type just 


) 
{ 
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described. P exists by virtue of Zermelo’s Aussonderungsaxiom, and is 
non-empty. For W, W’e we shall say W is less than W’ when W is an 
initial segment of W’. Then # is partially ordered and every linearly 
ordered subset of ® has an upper bound in ?. By the Lemma of Zorn ? 


contains a maximal element J. 
CONTENTION 1. M has a last element. 
Proof. From (21) and (22) follows 
(23) |A”’—A’| <|A’—A| whenever A< A’< A” and A, A’, A” M. 


So if M has no last element it is a pseudo-convergent sequence. Assume 
that this is so and let A* be a pseudo-limit of this sequence. Then 


(24) | A*—A|=|A’—A| whenever AX A’ and A, A’e M. 


We shall show that the structure (1/,A*) obtained by adjoining A* to M 
as last term is in ?, contradicting the maximality of WZ. By (20), (15), and 
(18) (A) =0(1) so by (21) | <|T*| and | A*| =| 
It remains to check (15) and (22). 

Let A be any element of J and @=A*-—-A. We have just seen that 
®=—o(T'). By (12) (¢—1)@=~o(1) so A®* satisfies (15). Now if 
(o—1)®=—A then 


(o—1)9 (©) = 9 (0+ A) (A) + pg(O, A) =-- 0(A). 


We see that (12) implies 
(25) (s—1)9 =— (o—1)0+ o(TO). 


This being so, | and > 


imply 
(26) (o—1)P (A+) = (o—1)9 (A) — (o—1)0+ 0(T®). 
From (21) we see that |(a—1)@(A)'=—/!TO!. So from (26) 
(o—1)@ (A*) = O(TO) = O((o— 1) @A). 

But this holds for every Ae WV so A* satisfies (22). Thus (M, A*)eP and 
Contention 1 follows. 

CONTENTION 2. If A’ is the last element of M then (a —1)@ (A’) =0. 
Hence A’ generates K/k and satisfies an equation (1). 

Proof. Let (c—1)@(A’) =A. From Theorem 2 A~o(1). If A+0 
let @ be an element of K with |®|/—|T7A]| and (c—1)O0—A. Its 
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existence is guaranteed by (13). Let A*-=A’+. We shall show that 
(M, A*) « P giving a contradiction as before. Kverything except the analogue 


of (22) is clear. For this we apply (26). 
(o—1)@ (A’ + 0) = —1)@ (A’) — (o —1) 0(T@) = 0(4). 
This proves Contention 2 and Theorem 4. 


THeoreM 5. Let K/k satisfy the assumptions of Section 4. If K/k 
is ramified and | TP? | > |p! then K =k(A) where A ts an orthogenerator 
satisfying an equation (1) with 


(27) >1. 


If K/k is inseparable and |Te*|>|p| then K=k(A) where A ts an 


orthogeneralor satisfying an equation (1) with 

(28) A= Bek, |B|>1. 

If K/k is separable then K =h:(A) where A is an orthogenerator satisfying 
an equation (1) with 

(29) [A | = 1, (Ke). 


Conversely, lel k satisfy the assumptions of Section 4. Then every polynomial 
(1) either splits completely or has a zero A which generates a cyclic extension 
of degree p and satisfies (15) for some generating automorphism o. If 
K =k(A) satisfies the assumptions of Section 4 and X satisfies (27), (28), 
or (29) then K/k is ramified, K/h is inseparable, or K/k is separable, respec- 
tively, and |T?*| > | p . 


Proof. Let |T?*|> |p|. If K/k is ramified then by Theorems 2 and 
4 we have K=k(A) with | so If 
K/k is inseparable then |T| <1 and K=h(A) with |A|=—|I|>1 so 
Let with |2|—1, |B|>1, «Bek. Then 


|AB*'|=1 and (AB)? =a+o(1). Suppose 4—y? with yek. Then 
AB'=y+0(1), A=By+o(A), and (o—1)A—o0(1), which is not true, 
so a¢k?. The case K/k separable is easily proved. 

The proof of Proposition 17 of [7] is easily generalized to prove the 
statement concerning the behavior of equations (1). If K—=k(A) and A 
satisfies (27) then K/k is ramified with A an orthogenerator. If d satisfies 
(28) then the residue class of AB generates an inseparable extension of & 
of degree p. The case when A satisfies (29) is easily proved. |I?+| > |p! 
was established in Theorem 2. 

Warning: There exist irreducible equations (1) which do not satisfy 


aa 
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(27), (28), or (29). If |A?*|> |p| they sometimes generate cyclic 
extensions with |T?*| > |p| but the value of I cannot be read off directly 


from the value of A. 


Definition 6. A field generated by a root of an equation (1) is called 


an Artin-Schreier extension. 


Proposition 3. Jf k& has no inseparable extensions then every cyclic 
subfield of a composite of Artin-Schreier extensions of k ts an Artin-Schreier 


extension. 


Proof. By Theorem 4 we can assume / contains primitive p-th roots of 
unity. Then the Artin-Schreier extensions are those obtained by adjoining 
a p-th root of an element of value 1, by the proof of Theorem 3. 


We do not know whether the assumption on & can be omitted. 


5. Explicit reciprocity law. Let /: satisfy the assumptions of Section 
4. Let C be the algebraic closure of & and G@ the Galois group of C/k [1]. 
Let [ be the set of all Aek such that | A?*p? | <1. 

If Xcel and oe G choose a AeC such that @ (A) =A and denote by A*o 
the residue class modulo p of an integer v such that (ec —1)A—v-+0(1). 
v exists by Theorem 5. It is easy to verify that A*o does not depend upon 
the choice of A and that A*or = A*o + A*z if o,reG. Hence dA* is a character 
of G of period p. 

The mapping A> A* is not in general a homomorphism (as it is when 
k has characteristic p). Namely, if |p| is small enough it can happen 
that both A and pad lead to equations of type (28). Then (paA)*~0 but 
p(A*) =0. We shall now develop a sufficient condition that (A+ ,»)* 
=A* + p*. 


Proposition 4. Jf AeC, Ael, and @(A) =A+0(1) then k(A) con- 
tains a Ag with Ag=A-+o0(1) and @(Ao) 


Proof. If A’ek(A) and @(A’) =A+o0(1) let A’ —=@(A’) —A and 
define A” —A’+ A’. Then @(A”) = @(A’) + @(A’) + pd(A‘,d’). By 
definition of I, | pA’?-? | <1; so g (A”) =A + 0(4’). Our proposition follows 
by applying the Lemma of Zorn just as in the proof of Theorem 4. Of 
course, the Lemma of Zorn can be avoided when the valuation is discrete 


and of rank 1. 


If |A| <1 then »*=0. 
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Proposition 5. Jf Ael, and | <1 then p*+A* 
=(u+A)*. 

Proof. Let @(A) =A, @(M)=—p. Let N=A+M. Then 

(N) =A-+ 4+ po(A,M) —A+y4 0(1). 
By Proposition 4 there is an Ny in &(N) such that No=N-+o0(1) and 
QYNo=A+yu. If oeG then 
(o—1)Ny = (o—1)N+ 0(1) = + p*o + 0(1) 

which was to be proved. 


In particular, if ||==1 and Ae! then we have p* +A* = (u+A)*. 
For each Ae lf we can form the 2-cocycle (A*,a,k) according to [7] or 
the algebra (a,A| according to [10], which amounts to the same thing. 
Consider the symbol («,A] as denoting the corresponding 2-cohomology class 
as in [7]. Using Theorem 1 of [7] and Proposition 5 of this paper we 


obtain the following rules: 
1. For all Ael, (A,—A] =1. 


2. | | <1 then (4, A] (a, +p]. 
This is always true if and |p| —1. 


3. (a,A] (B,A] = A]. 


Rule 1 follows from the fact that —A is the norm of 


A if @(A) =A. 


We now assume that k is a regular field of generalized local class field 
theory [7]. 

Let |X’ | =1, and pfc. We wish to compute the invariant 
of the algebra (8,A]. If we could do this for every Bek: we would have 
a complete explicit reciprocity law. As it is, we are able to compute the 
invariant of (8,A] for a special class of elements B which form a basis for 
modulo N(K/k). 

Let be an element of such that K(A)/k is unramified if (A) 
and such that the invariant p(,«]| (see [7]) is [1/p] (mod1). Then, since 
= p(a—aA,a] =[—c/p] (mod1). By rule 1, 


(x—A,— (a—A] (a—A, a] = (a—A, @]. 
By rule 2, 
(a—aA,— (a—A) ](a—A,a] = (a—A,A]. 


Hence p(a—A,A] = p(a—A,«] = [---c/p] (mod1). If one prefers a 


f 
— 
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of value 1 instead of || then p(1—ad*,A] =[—c/p] (mod1) since 
—1 is a norm. Thus we obtain the law 


(30) = [-—-c/p] (mod 1). 


We are now in a position to prove the explicit reciprocity law for the 
field of primitive p?-th roots of unity over the p-adic completion of the 
rational field. If this problem were solved for the field of p”-th roots of 
unity it would make possible an elegant proof of Artin’s global reciprocity 
law, for it is well known that this law can be proved from the global! index 
theorems and the global reciprocity law for cyclotomic fields. 


Appendix. 


ScuoLium 1. Jt is not possible without assumptions on k in addition 
to those of Sections 1, 2, 3 to prove that every cyclic K/k with |T?*| > | p| 


is generated by a root of an equation (1). 


Proof. Let r denote the rational field, | | the p-adic valuation, and ( 
the cyclic subfield of degree p of the field of primitive p*-th roots of unity. 
Then ep. If r, denotes the p-adic rationals then Cr)/rp is generated 
by a root of 27—x—p*=0 (see [8]) so |l?*|>|p|. But for p odd 
C/r is cyclic of odd degree so any defining equation must split into real 
linear factors in C. By Descartes’ rule of signs an equation 2? —r—a= 0, 
for a real, can have at most three real roots. Hence C/r is not generated 
by a root of any such equation for p> 3. 

Unfortunately this method does not disprove the conjecture: if 
|r| > |p| and & contains primitive (p—1)-th roots of unity then K is 
generated by a root of an equation (1). Although this seems very unlikely 
we have not been able to find a counterexample. 

Scnotium 2. Without assumptions in addition to those of Sections 1, 
2, 3 it is not possible to prove that every irreducible equation (1) generates 
a cyclic extension for p> 2. 

Proof. Consider 2? —«—1 over the rational field. Being irreducible 


modulo p is it irreducible. For p> 3 Descartes’ rule of signs shows that its 
splitting field has even degree and this is easy to check for p=3 also. 


Scnotium 3. If k is not complete then K/k cyclic, e=p, | T?*| =| p 
can happen without primitive p-th roots of unity being contained in k. 


Proof. r(V6) does not contain primitive cube roots of unity (being 
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real) but 73(V6) does. So by Wang’s Theorem [5] it is easy to see that 
there is a cyclic cubic extension of r( V6) which is a counterexample. 


Scuotium 4. If & has an inseparable extension there may exist a K/k 
which is cyclic of degree p, does not contain primitive p-th roots of unity, 
and contains no A with (1). 


Proof. Let p be any odd prime. Let k, be the completion of the field 
of all rational functions with rational coefficients of a transcendental element 
t, under the valuation which defines the value of a polynomial in ¢ to be the 
maximum p-adic value of its coefficients. Let k—k)(((1—t*)p)/@™»). 
Let K be the splitting field over k of the polynomial 2? — px—t. 
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REMARK ON AN APPLICATION OF PSEUDOANALYTIC 
FUNCTIONS.* * 


By Lipman Bers. 


1. Introduction. In this note we show how the theory of pseudoanalytic 
functions as formulated in [5] yields very precise information on the be- 
haviour of solutions of a linear ellipitic equation 


(1.1) Ld = + + + Aids + + lod = 0 


near a regular or isolated singular point. The theorems stated below (Section 
2) contain and are stronger than the previous results on local behaviour of 
solutions of (1.1) due to the author [1,2,4], Vekua [16] and Hartman and 
Wintner [10,12]. These theorems refer to single-valued solutions. But the 
same method would give analogous results for finitely-many-valued solutions 
and for solutions with finitely-many-valued gradients. 

Without loss of generality we consider equations and solutions defined 
near the origin of the z-plane (z=2-+ iy) and assume that 


(1.2) 011 = Moo 1, =0 at z=0. 


Concerning the smoothness of the coefficients in (1.1) we make either of the 
following assumptions. 


Hypotuesis a. The leading coefficients aj(z,y) of (1.1) satisy a 
untform Hdélder condition and condition (1.2). The coefficients a;(z, 4) 
are measurable functions which belong to the space Ly for some p> 2. 


Hyporuesis 8. Ali coefficients of (1.1) satisfy a uniform Holder 
condition and (1.2) holds. 


Under Hypothesis 8 we require that solutions of (1.1) be of class C’. 
Under Hypothesis « we have no right to expect twice continuously differen- 
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tiable solutions. We shall say that ¢ is a solution if the derivatives $2, ¢, 
exist, are continuous and possess generalized L, derivatives dr2—= (¢z)z: 
bry = (bx) y = and dyy = (dy)y which satisfy (1.1) almost everywhere. 
The equality of the mixed derivatives is a consequence of the definition of 
generalized derivatives. 

In Section 3 we shall show, using an inequality of Calderén and Zygmund 
[7 |. that equation (1.1) can be reduced to an equation involving only second 
derivatives (Theorem 1), to a system of two first order equations (Theorem 
II). and to the equations characterizing pseudoanalytic functions (Theorem 
Ill). This will yield the desired description of the local behaviour of solu- 
tions (Theorems A and B of Section 2). 

Ilypothesis a is essentially sharp, since our results are certainly not true 
for equations with continuous but not Holder continuous coefficients (cf. 
Hartman and Wintner [12]). Concerning the local behaviour of solutions 
of elliptic equations with discontinuous coefficients we refer to a recent paper 
by Nirenberg and the author [6]. 

For the convenience of the reader we recall the definition of generalized 
derivatives (Friedrichs [8], Sobolev [15]). Let f(,y), g(a,y), h(a,y) be 
measurable functions defined in a domain D. If |f |?, | g |, | 4 |? are locally 
summable (p= 1), the statement 


fe=g, fy=h in the L,-sense 


means that 


(a) in every compact subset D, of D there exists a sequence of con- 
tinuously differentiable functions f™ such that 


(b) for every continuously differentiable function » which vanishes 
identically near the boundary of D 


fo. dady = — ff gu dxdy, fovdedy = — ff hw dxdy, 
JD JD 7 JD 


and 


(c) for almost every y and for almost every 2 


Bp *§ 


for almost all a, B.y, 8. 


f 
] 
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Each of the three conditions (a), (b), (c) implies the other two. It is 
known that f is Hélder continuous if f, and fy exist in the Lp-sense for 


some p> 2. 


"2. Statement of results. Let ¢(z) —¢(2,y) be a solution of (1.1) 
defined in a neighborhood of the origin. Assuming Hypothesis a we say 
that ¢@ has a zero of integral order n > 0 at the origin if for some complex 
(2.1) Re(az"), bz — ~ naz", 


In the case of Hypothesis 8 we also require that 
(2.2) bre — thay ~ — byy — ~ n(n — 1) a2", 
Here and hereafter all asymptotic relations refer to z—> 0. 


THEOREM A. Under Hypotheses « or B a solution of (1.1) which 
vanishes at the origin without vanishing identically has at the origin a zero 


of integral order. 


The following consequence of Theorem A is of interest for differential 
geometry in the large (cf. Hartman and Wintner [11] and the references 


given there). 


CoroLuaRy. Let the function be a Holder con- 
tinuously differentiable function of its eight variables, defined for sufficiently 
small values of the variables, and satisfying the condition: 40,Q;—Q,? > 0 
at Let and $”(a,y) be two 
twice continuously differntiable functions defined in the neighborhood of 
the origin and satisfying the differential equation 


(2.3) be; py, Pry Pyy) = 0. 


Assume that the functions ¢’, ¢” vanish at the origin together with their 
derivatives of the first and second order, but the difference ¢ =o” — ¢’ is nol 
identically zero. Then the expression drrbyy—— zy? ts negative in a deleted 


neighborhood of the origin. 


The conclusion of the Corollary was stated, proved and applied to the 
uniqueness proof for Minkowski’s problem by H. Lewy [13], under the 
assumption that the function Q, and hence also every solution of the differen- 
tial equation (2), is analytic. Recently Hartman and Wintner [9, 10, 11] 
extended it to the case when Q is twice continuously differentiable. The 


4 
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present formulation seems to be essentially sharp. It will be seen from the 
proof, however, that for special cases (for instance, for quasi-linear equations) 
weaker conditions are sufficient. 

In order to prove the Corollary observe that the difference ¢ = ¢” —¢’ 
satisfies a linear elliptic partial differential equation of the form (1.1) with 


y) J. 2,[2, (1 y) Ad” (a, Y)s 


and the other coefficients a;;, a; defined similarly. We may assume that (1. 2) 
holds since this can be achieved by an an affine transformation. According 
to a theorem of Nirenberg [14] the second derivatives of the solutions ¢’, ¢” 
satisfy a Holder condition. Hence the coefficients a;;, a; satisfy such a con- 
dition, and Theorem A implies that — day? ~~ — n*(n + 1)? | |? | 
with |¢| >0 and n>1. 

We consider next a single-valued solution ¢ of (1.1) defined in a deleted 
neighborhood of the origin. This solution will be said to have at the origin 
a logarithmic singularity if (under Hypothesis «) for some real «0 


(2. 4) alog | z|, iby ~ %/2 

and (under Hypothesis 8) also 

(2.5) 

We say that the origin is a pole of ¢ if (under Hypothesis «) 

(2.6) Re(az-"), — Why ~ — 

for some complex «0 and integer n >0, and (under Hypothesis 8) also 
(2.7) box — thry ~ — byy — thay ~ + 1)2*. 


Finally, z 0 will be called an essential singularity of ¢ if (under Hypo- 
thesis «) 


(2.8) lim sup (| z ¢) = lim sup (— | z ¢) 
= lim sup (| |" | 6. — id, |) = +0 
and (under Hypothesis 8) also 
(2.9) lim sup(| 2 |¥ | |) = lim sup (| |¥ | + |) = + 


for every N >0. If a)==0, we require also that 


(2.10) lim inf | ¢,—idy—y | =0 
for every complex y. 


is 
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THeorEM B. Under Hypotheses « or B let p be a single-valued solution 
of (1.1) defined in a deleted neighborhood of the origin. Then the singu- 
larity of @ at z=0 is either removable, or logarithmic, or a pole, or essential. 


The theorem implies, in particular, that if ¢’ and ¢$” are two solutions 
having at z= 0 logarithmic singularities, then there exist two real constants 
Ai, Az such that A,¢’ + A.” is regular at the origin. 


3. Reduction to pseudoanalytic functions. This reduction will be 
accomplished in three steps. 

We remark that in the proofs of Lemma 3.1 and Theorem I given below 
the Holder continuity of the leading coefficients and the fact that the number 
of independent variables is two are not used, and the conclusions would 
remain true, with obvious modifications, in a more general case, say for 


continuous 


LemMA 3.1. Under Hypothesis a there exists a solution $ of equation 
(1.1) which is defined in a neighborhood of the origin and satisfies the 


conditions 
(3.1) dr =C1, dy = C2. at 
where Co, are given numbers. 
The proof is a variant of the classical Korn argument based on the 
results of Calderén and Zygmund [7]. Let B denote the Banach space of 


real functions ¢(z) defined for |z|= RF and possessing continuous first and 
generalized second derivatives, for which the norm 


| =max(|¢|,| |) + { + | | + | bay 


is finite. Define the mapping T of B into itself by defining y= T¢ to be 
the function 


x(z) = 2 ff, log | | dédr,. 


Using the inequalities of Holder and of Calderén-Zygmund it is easy to 
show that T is bounded, that AT —A—L, and that ||T || 0 for R-0. 
If h(z) is a harmonic function with || h || < +00. and R is so small that 
| T || [6 <1, then the equation 


(3.2) o=To+h 
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has a solution which satisfies equation (1.1) and the inequality 
|¢—A | SO(1—8)* | AI. 


We solve equation (3.2) for a sufficiently small R and for h=1,2,y, and 
obtain three solutions ¢o, ¢1, ¢2 of (1.1) for which the values of 


are very small. A properly chosen linear combination of these solutions 
satisfies (3.1). 
LEMMA 2.2. Under Hypothesis B there exists a solution $ of equation 


(1.1) which is defined in the neighborhood of the origin and satisfies the 


conditions 
(2. 3 ) = (4, dy = Cp», Pre = — = C1), Poy = at 0. 


where Co, Cis C2. Crs Cry are gwen numbers. 


This (known) result is proved by considering T as an operator in the 
Banach space of functions ¢ defined in | z| S RP and having second derivatives 
satisfying a uniform Holder condition with exponent « <1, e being a Holder 
exponent for the coefficients of (1.1). The norm in this space is 


| || = max(|¢|,R| 


|, R? 


dry |, Pyy |) + RK, 


where AK’ is the smallest Holder constant for ¢22, dry, dy, belonging to the 
exponent «. The desired function is obtained by solving equation (3.2) for 
asmall and for h 1,2, y, 2? — y?, ry. 


THeorEM |. Under Hypothesis a there exist, in a neighborhood of the 
origin, three functions do, & 4 such that 


Ld, = Lé = Ly = 0, 
(3.5) y= §, =», = 0, = ny = 1 at 
A function $(2,y) defined in a neighborhood of the origin is a solution of 


(1.1) if and only if the function ® = $/do, considered as a function of (7) 
isa (twice continuously differentiable) solution of the equation 


(3. 6) A 1 2A Pen o2Pnn = () 


l- 
l. 
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where the Aj; are certain functions satisfying a Holder condition and the 


condition 


(3.7) Ay, =Ay=—1, at m—0. 


Under Hypothesis 8 the same conclusion holds and the functions ¢, & 4 


may be chosen so that 
(3. 8) = Po,ry = = Sex = = = Nay 0 at z=0. 


Proof. The existence of solutions of (1.1) satisfying conditions (3. 4), 
(3.5), (3.8) follows from Lemmas 3.1 and 3.2. The equivalence of equations 
(1.1) and (3.6) is proved by a direct computation. In the case of Hypo- 
thesis a the legitimacy of this computation may be established by a simple 
argument. 

The Holder continuity of the functions Aj; follows from the Holder 
continuity of the first derivatives of solutions of (1.1) under Hypothesis z 
(cf. Section 1). 


In order to complete the proof we must show that every solution of (3.6) 
which has continuous first derivatives and generalized second derivatives in 
Ly (p=2) also has continuous second derivatives. This, however, is an 
immediate consequence of two statements: the Dirichlet problem for an 
elliptic equation (3.6) with Holder continuous coefficients has a unique 
twice continuously differentiable solution; every solution of (3.6) with con- 
tinuous first and generalized second L,-derivatives, p= 2, obeys the maximum 
principle. The first statement is classical; the second has been established 
recently (Bers and Nirenberg [6]). 


TitkoREM IT. Let there be given an elliptic equation 


(3.9) + + Arepyy = 0 

satisfying Hypothesis B. There exist four Holder continuous functions 
+, defined in a neighborhood of the origin, satisfying the condition 
(3. 10) bs, = bo. = 0,7 b,.=—=—b., = 1 at 


and such that in a neighborhood of the origin equation (3.9) is equivalent 
to the elliptic system 


(3.11) = Die py = + 


This means that to every solution ¢ of (3.9) there exists a (not neces- 
sarily single-valued) function y satisfying (3.11), and that whenever ¢ and 


4! 
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y have continuous derivatives and satisfy (3.11), ¢ is a twice continuously 
differentiable solution of (3.9). 

Addition to Theorem II. Let the coefficients of (3.9) be Holder con- 
tinuous and satisfy the ellipticity condition (d:422— 4,2” >0) in a domain 
D. Then there exist Hélder continuous functions b;; defined in the whole 
domain D, satisfying (3.10), and such that system (3.11) ts elliptic 
(— 4b, 262, — — boo? + 2011022 > 0) and equivalent to (3.9). 


Proof. Consider the elliptic system 


(3.12) Ay = + My; by = — (11/d22) 


Using the Korn-Lichtenstein method (cf. the proof of Lemmas 2.1, 2.2) or 
the theorem on univalent solutions of elliptic systems [3] one obtains easily 
a solution (A,#) with Holder continuous derivatives, defined in the neighbor- 
hood of the origin and satisfying the conditions 


(3.13) = fy = 0, —Ay =p, =1 at z=—0. 
With these functions form the system 


We claim that near z= 0 every solution ¢ of (3.9) is a solution of (3.14), 
that is that 


(Arde + de + + dy = 0, 


where Cis a simple closed smooth curve located near the origin and homotopic 
to zero in the domain of definition of ¢. This would follow at once from 
Gireen’s theorem and (3.12), if the functions A,» were of class C?. Under 
the present circumstances the preof can be accomplished by approximating A 
and » by C* functions. 

Conversely, if (y,@) satisfies (3.14), @ is a solution of (3.9). This 
follows from the unique solvability of the Dirichlet problem for (3.9) since 
solutions of (3.14) obey the maximum principle (cf., for instance, [6]). 

Selving system (3.14) algebraically for ¢, and ¢, and setting y =— 
we obtain the desired system (3.11). 

In order to prove the Addition to Theorem II we need a solution of 
(3.12) defined and satisfying the condition »,; > 0 in the whole domain D. 
Such a solution can be obtained by the method used in [3]. We give no 
details since the in-the-large result will not be used in the sequel. 


Turorem IIT. Under the hypothesis of Theorem II let £=€&(2.y) 


), 
), 
8 
)- 

) 

e 

1 

d 

s 

} 


494 LIPMAN BERS. 


+ in(x,y) be a Holder continuously differentiable homeomorphism of a 
neighborhood of the origin, with 


which is conformal with respect to the metric 


(3.16) — + az.dy’. 

Set 
G(f) (04 + boo) /2 + t[— — 4 
= — + — Ay2) 4/41. 


Let be a solution of (3.9) defined in a (perhaps deleted) neighborhood 
of the origin, w the function connected with @ by equations (3.11), and sel 
o(f)=o+y, w(t) Gy, 
2(f) 
Then w and Q are pseudoanalytic functions (of the second kind) with 


generators (1,@) and (1,1), respectively, w and W are the corresponding 


pseudoanalytic functions of the first kind, and 

(3.19) bor — — by + bey ~ W, 

where w is the (1,@) derivative of w(f) and W the (1,1) derivative of W (¢). 


Proof. The existence of the homeomorphism ¢ is a classical result of 
Lichtenstein. Conformality with respect to (3.10) means, of course that 


9 9 
¢ 


+ Ne = Exéy + = — VAj2, é,? + ny” = 1041, 
where v>0. A direct computation shows that the mapping z—€ takes 
system (3.11) into the system 
(3. 20) pe = TWE + On. bn = — owe + 
where 
2r = Ds, Des, o” +- — > (0). 

These equations express the (1,@) pseudoanalyticity of w» and w. Since 
G(0) =i in view of (3.10), relation (3.17) follows. 

Next, set D=¢,, By (3.9) 


Dy = (202/011) + (22/011) Vy, >, —— 


t 
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The mapping z— ¢ takes this system into the system 
(3.21) De = + o* Op, by = —o* + Wp, 


where 


27* 202/011, o*? too / A115 o* = 0. 


These equations express the (1,1) pseudoanalyticity of Q=®-+ iW and 
W=®+TwW. Since =i in view of (1.2), O~ W. 
By the definition of the derivative of a pseudoanalytic function, 


= thy + Wy) G, and e+ thy + (E+ Yn) 


by (3.20); so that But by (3.15), thy ~ — thn, 
so that (3.18) follows. 
Also, 


(de— iby) + (We—i%y)T, and + iby + (Ve 0, 


by (3.21); so that @g—ibd,~W. But by (3.18), Bg~ ®, = dae and 
&, ¢,, and by (1.2), (3.9) — buy 80 that 
(3.19) is proved. 


4. Proof of Theorems A and B. In view of Theorem I it suffices to 
prove Theorems A and B for an equation of the form (3.6) with Holder 
continuous coefficients satisfying (3.7). (In connection with requirement 
(2.10) for an essential singularity, note that if a). ==0, we may set ¢)=1). 
Theorems II and III reduce the assertions to be proved to corresponding 
statements about pseudoanalytic functions established in [5]. 
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GENERALIZED LAPLACIANS.* 


By Victor L. SHaprro.* 


1. Introduction. The primary purpose of this paper is to answer the 
following question : 

If f(x) and its first r generalized Laplacians are known in a domain 
(; where f(x) and the first r—1 generalized Laplacians are continuous and 
the r-th generalized Laplacian is integrable, can f(x) be obtained from its 
r-th generalized Laplacian by the expected integral representation ? 

The answer is in the affirmative, and we prove it by means of Rudin’s 
result [5] on the first generalized Laplacian and by means of Fourier 
analysis. In so doing, we also solve a question in the uniqueness of multiple 
trigonometric series left open both by Cheng [3] and the present author [6] 
as well as obtain an integral depresentation akin to [5] for continuous func- 


tions defined on the torus. 


2. Definitions and notation. We shall operate in n-dimensional Eu- 
clidean space (n= 2) designated by FZ, and use the following notation: 


Mm = *, My), Bm = (ax, Bm,,- - - 
+ Bm»), (mM, = myx, +++ ++ mat, and |x| = 


As in [1], a multiple trigonometric series >) dame”), where m repre- 
sents a lattice point and a» is an arbitrary complex number, will be said to 
he Abel summable at the point x to the value L(z) if 


am exp[i(m,x) —|m|z]> L(x) as 20. 


The series will be called a real-valued series if 
where m=40, is the Fourier 
series of a continuous periodic function. 

The open sphere of radius ¢ and center x will be denoted in this paper 
by D,(a,t); the surface of this sphere by C,,(z,t). The torus or funda- 
mental semi-closed cube will be designated 


and a series of class (U’) if S’am|m 
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by Qn. 2+ Q, will be the set {p;p—zeQ,}. Z contained in Q, will be 
said to be a closed set in ©, if it contains all its limit points in EL, except 
those which lie on the faces 2; Also these latter limit 
points when considered as points on the faces 2; do lie in Z. In other 
words Z will be said to be closed in ©, if it is closed in a torus sense. It is clear 
that if Z is such a set and also of capacity zero its closure in E, is also of 
capacity zero. 

Given F(x) a real-valued function in D,(2,t)) which is integrable on 
Cn(%o,t) for 0< tt), we shall designate the mean value of F on this 
latter surface by L(F,2 ,t). Thus 


L(P, %,t) 0," F (2x9 + tr) (2) 


C'n(0,1) 
where w, = 27"/f'(4n) is the (n—1)-dimensional volume of C,(0,1) and 
is the (n—1)-dimensional volume element of C,(0,1). 
We say that F(a) has an r-th generalized Laplacian at the point «, 


equal to a, if 


L(F, a», t) =1(n/2) + n/2) + 0(#") 
j=0 


where the a; (7 =0,- - -,7) are constants. This r-th generalized Laplacian 
will be designated by A,F\(z,), and it is clear that if A,F'(2,) exists, then 
A,F(2,) exists for OSsSr. By [4, p. 261] if F(z) is in class C*" in 
D,(%,t) for some ¢t > 0, then A,F'(x,) exists and equals A’F'(2,), where A’ 
stands for the usual Laplace operator iterated r-times. 

We set V (F, 20, t) = L(F, 2, t) — F(z.) and 


(1) (ao) = lim sup (F, 20, t) /t? 
t-0 


the upper first generalized Laplacian of F at the point z. Replacing lim sup 
by liminf in (1) we have a similar definition for the lower first generalized 
Laplacian (2). If y*F (a) (x2) is finite, then F has a first 
generalized Laplacian at the point 2». 

Throughout this paper » will always designate the value (n—2)/2. 
and J,(¢) will stand for the Bessel function of the first kind of order yp. 

The capacity of a set in £, will refer to the logarithmic capacity if 
n==2 and n-dimensional Newtonian capacity if n=3. In this connection 
we construct the function (2) defined in Q, as 


®(x) = 27 log! for n= 2 and (x) = (27)"[o, (nm —2) | 


for n= 3. 
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(x) is then defined in the rest of Z, by periodicity. In other words, if 
Where j, are integers, then 7) 
= (zr). 

The function whose Fourier series is >’ e'(”*)| m |-?, where m0, will 
be designated in this paper by G(x). The properties of G(x), which are 
the key to the whole paper, will be discussed in Section 4. 

If f(z) is integrable in a bounded domain R’, by @*f we shall mean 


&(x—y)f(y)dy. By F=*f will be meant that 


| F(x) —&*f(x)| de =0. 


H,(x) will be said to be harmonic of order r in R’ if H,(x) is in class 
and At—H,(z) =0. 

If f(x) is integrable on Q,, then S[f] will designate the Fourier series 
of f. 

R will designate the closure of RF in F,,. 


3. Statement of main results. We shall prove the following theorems: 


THEOREM 1. Let f(x) and Ajf(x) be continuous 
in a bounded domain R contained in EF, and let Z be a closed and bounded 
set of capacity zero contained in E,. Suppose that A,f(x) exists in R—RZ 
and is integrable on R. Then in every subdomain R’ whose closure ts con- 
tained in R, 


where H,(x) is harmonic of order r in R’ and P(x) =—(2x) log | x |-* tf 
n=2 and if nZB. 


Remark. The condition that f and Ajf be continuous in the above 
theorem is necessary as can be seen from the following example in F;,. 
Set f(z) =2,? if 7,20 and =—xz,? if Then A,f(r) =0 for all 
rin E,. But f(x) is clearly not harmonic of order 2. 


THEOREM 2. Let F(x) and g(x) be two real-valued periodic functions 
of period 2x in each variable, with F(x) continuous in E,, and g(x) integrable 
on the torus Qn. Also let Z be a closed (in the torus sense) set of capacity 
zero contained in Qn. Suppose that 


(i) w*F(r) >—o, +e for x in Q—Z; 
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(ii) g(x) Sy*F(z) in Q,. 
Then 


a) A,F (x) exists at almost all points x of Q, and is in L, on Q,; 
b) at all points x for which | (y)| | ®(a@—y)| dy <0, we have 


F (2) J, dy + (22)-" J, 


THEOREM 3. (Given the multiple trigonometric series S$ ame*™®) where 
the ad» are arbitrary complex numbers. Let Z be a closed (in the torus 
sense) set of capacity zero contained in Q,. Suppose that 


(i) the series is of class (U’); 


(ii) the series is Abel summable to f(x) almost everywhere where 
f(x) ts in L, on Qy; 


(iii) lim sup | > Ay ei | toe 


Then the series is the Fourier serves of f(x). 


4. Green’s function on the torus. Before proving Theorem 1, it is 
necessary to investigate the properties of the function G(x) whose Fourier 


series is S’e'"-*)|m|-*. We first obtain the following lemma with (7) 
as in Section 2. 

LEMMA 1. G(r) + H*(x) where H*(x) ts continuous in F,. 

Let us set A,* equal to the m-th Fourier coefficient of @(z). Then 
we prove the lemma by showing that > | A,7? —|m |-?| <oo. 

For n = 2, this already has been shown in [7]. For n= 3, we observe 

by Green’s second identity that for »—= (n—2)/2 and m0 that 


e7 Qn-Dn(0,€) 
= m |e) (| m m + 0(1) 
K |-2 exp[i(m,z, +: mya;* +- + MnZn) | 


X cos -dzj*- + -dty 


where K is a constant independent of m and « and mj,a;* stands for the 
deletion of 
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Integration by parts (n—1) times shows us that 


Qn-1 
= | 
where K, is another constant independent of m. 


We therefore conclude from (2) and (3) that for m-~0 


(3’) | Am? —|m |-? |= K.|m 


[(| m,|+1)- 
(| m;|+1)*- +1)]7 


where K, is another constant independent of m. 


We next observe that for m=+40 there is a Ks independent of m such 
that 
+ 1) (| Mn | +- 1) 
<= |?(|mi|+1)-- (| mi] +1). 


The lemma then follows from (3’) and the fact that 


Lemma 2. H*(ax), defined in Lemma 1, is in C‘) in the interior of 
Q,. and furthermore AH*(x) =1 in this domain. 


By [2, Theorem 6], AG(z) —1 in the interior of Q, provided +0. 
Since for such x, = 0, we have that A[H*(x) —| |?/2n] =0 for 
in the interior of Q, and «40. But H*(«x) —|2|?/2n is continuous at 
x |*/2n is also harmonic 


the origin by Lemma 1. Consequently H* (2) — 


in a neighborhood of the origin, and the lemma is proved. 
LeMMA 3. Let f(a) be a continuous function of period 2x in each 


variable and such that f(x)de=0. Suppose that S[f] = 


Qn 
and S[F] = >’ (—1)"e*™#a,,/| m |?", where F(x) is taken to be continuous. 


Then A,F (xr) =f(x) for every x in Qy. 
We shall give the proof for n=8; a similar proof holding for n= 2. 


From periodicity there is no loss in generality in just proving the 
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theorem for the origin. We first prove the theorem, therefore, at this point 
with Then 


P(x) =—(2n)* f° (y)dy 
and with ¢ sufficiently small, 


V (F,0, t) = — —| x |?/2n, 0, t]f (y)dy. 


But for ¢ small and fixed y in 2,—D,(0,¢), the function G(a—y) 
—|a|?/2n is harmonic in D,(0,¢-+ €), where ¢ is a small positive number 


depending on y. Therefore, 


V (F, 0, t) =— V[G(a—y) —| |?/2n, 0, t] f(y) dy. 
Da(,t) 


However G(a—y) —| a2 + [H(a—y) —| |?/2n], 
where, by Lemma 2, the expression in brackets is harmonic as a function of 
x for fixed y when ¢ is small and z and y are in D,(0,t). We conclude that 


(4) V (F, 0, t) 0, t] f(y) dy 


D»(0,t) 
= [on(n— 2) f [| y "—t?-"]f (y) dy. 
Dn(9,t) 


The proof of the lemma for the case r=1 follows immediately from 
(4) and the definition of the first generalized Laplacian. 

Let us assume now that the theorem is true for 1S=sSr—1. Then 
letting g be the continuous function whose Fourier series is 


2(r-1)_ 
we have by assumption that 
where B, = + n/2)/C(n/2) and the a; are constants. 
From (4) we obtain that 


(6) V (F,0,t) = (n—2) L(g, 0, p) — #2" dp. 


Putting (5) in (6) and integrating, we obtain 


(7) V (F, 0, t) + f(0)t"/B,12r(n + 2r— 2) + 0(#*). 


= 
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By2(v-+1) (n+ 2v) = and the lemma is proved by (7) and the 
very definition of the r-th generalized Laplacian. 


5. Generalized Laplacians and the Abel summation of trigonometric 
series. In this section we prove a lemma which coupled with Theorem 2 
will enable us to prove Theorem 3. This lemma will also be very useful in 
the proof of Theorem 1. (For the 1-dimensional analogue of this lemma 
see [9, p. 398]. 


LemMA 4. Let f*(x) and f(a) be the upper and lower Abel sums 
of the real-valued multiple trigonometric series S= > ane™), Suppose 


that C— ay | m is the Fourier series of a continuous periodic 
mA~0 
function F(x). Then for all x we have 
(2) b) Sy* F(a). 


We only need prove a) for b) will then follow from considering — F(z). 
Also from the assumptions of the theorem, we see that it is sufficient to 
prove a) only for c=0. Furthermore if F(0) 0 we can make it so by 
adding a constant since y*c = yc = 0. 

To prove a), it is sufficient to show that if y,.F(0)> p then f*(0) =p. 
It is clear that if p——oo, a) is proved. If p34—oo, we can assume that it 
is non-negative for otherwise we can consider — p[1— cos(m,, z)/| m, |?] 
where m, is a fixed integral lattice point different from the origin. 

Let us assume then that f*(0) <0 and show this contradicts the fact 
that Setting F(z,r) =C— > ane™*)-lmlz | m|-? and 

m0 
f(z.2) = > ayne™)-lmlz, we see that for z> 0. F(z, x) is an harmonic 


m0 


function in the variables (z,x) and that F,.(z,7) + f(z,7) =AF(z,r) =0. 
Consequently there is an « >0 such that 


(8) F..(2,0) >0 for 


Furthermore since the continuity of F(x) implies that lim F(z,0) —0, we 


20 
have by the mean-value theorem that for every z in 0 <zSe there is an s 
such that 0 << s < z and such that F(z, 0)/z = F’(s, 0) where F’(z, 0) = F,(z, 0). 
(8) then implies that F(z, 0)/z— F(s, 0)/s = F’(s, 0) —F’(t,0) >0 where 
0<t<s<z. Therefore to obtain a contradiction to the fact that f*(0) <0, 
it is sufficient to show lim sup 6[ F(z, 0) /z]/dz <0 or what is the same thing 
that 


(9) lim inf — 0) /z]/dz > 0. 
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We shall now show that (9) holds. For by [1, p. 176] 
F(z, 0) /z = K,, f, L(P, 0, t) (2? ~(n+1)/2gn-1 dt 
0 


where K,, is a positive constant. 


But since F(x) is a continuous periodic function, it is not difficult to 
see that for every z > 0, there is an open interval containing z such that 


lim 2L(F, 0. t) (2? 4+ dt 
0 


R- 


is uniformly convergent in this interval. Therefore 


From the fact that y,/(0) =h > 0, we have that there is a §> 0 such that 
for0 << tS8, L(F,0,t) > ht?/4n. The fact in conjunction with the observa- 
tion that lim z f, ¢n-1[ 2? + ¢?]-(+8)/2 dt —0, tells us from (10) that 

8 


270 


25 
(11)  liminf é[— F(z, 0)/z|/dz > hK,’ lim inf (2? £2) 
270 


270 0 


where K,,’ is a positive constant. But 


6 20 
lim f 2(2? + dt + dt > 0, 
0 0 


20 


and we have shown that (9) holds. 

By A’S[f] we shall mean the trigonometric series that one obtains by 
formally applying the Laplace operator r-times to S[f]. 

We now state a lemma concerning such series whose proof follows 
immediately from [8, p. 225] for the two-dimensional case and from a 
similar theorem for the n-dimensional case. 


LemMMA 5. If A,f(x ) exists, ATS[f] ts at the point Abel summable 
to A,f (xo). 


6. Proof of Theorem 1. Since ? is assumed to be a bounded domain, 
we shall assume further that its closure is contained in the interior of Q,. 
From the proof it will be apparent that this additional assumption will cause 
no loss of generality. Also we shall assume from the start that f(a) is 


real-valued with no loss of generality. 


| 


| j GENERALIZED LAPLACIANS. 50 


Since & C R, we can insert three other domains between them with the 
same property as R’, i.e. RPC R’ CR” CR” CR” C R* C R and we 
ean form the localizing function A(x) for R’” and Riv. Then A(x) —1 for 
rin R” and =O for z in Q, and not in Ri, and furthermore A(z) is in 
class C® for in Oy. 

By [5, Theorem 1], the theorem is true for r=1. Let us assume then 


4 


that the theorem is true for 1 = s r—1 and let us set g(x) (2), 
S[g] =D and S[F] = m where F(z) is 
m 
taken to be continuous. Then by Lemma 3, A,;(F — bo | |?°-Y/kp1) = 9 (2) 


where Aj |x and consequently in R’”’, | 
=(). Therefore by the inductive assumption 


(12) F(x) =f(r) + for x in R” 


where H,(a2) is harmonic of order r in R”. 
t 


From (12) we see that in R”’—R”Z, A,F(x) =A,f(x). Consequently 
ig Abel summable to A,f(z) in R” —R”Z. 


by Lemma 5, — bm | m 


m 


But then by Lemma 4, y*g2A,f2y4g in R”’—R’Z. Since g is a con- 
tinuous function in R”, the conditions of [5, Theorem 1] are satisfied. So 
in R’ 
(13) g =P+A,f+H,(z) 
where H,(a) is harmonic in R’. 

Since — bo | x =g, we have by the inductive assump- 
tions that in R’ 


(14) Fx 
r—l 
From (12), (13), and (14), we obtain that, in R’, 
HAR’ 

where Hp’(r) is harmonic of order r, and the proof to the theorem is 
complete. 


7. Proof of Theorem 2. By [5, Theorem 1 and 1.3.2] for almost all 
* in any bounded domain R contained in the plane 


(15) F(x) =— J A. F(y) log 
R 


| 
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where h,(a) is harmonic in #. In a similar manner it can be shown that 


for any bounded domain R contained in F,, (n23) and for almost all z | 


in R 
(16) F(x) =—|[o,(n—2) f ALF dy + hy (2) 
R 


where h,(x) is harmonic in R. In both cases A,F(y) is in LZ, on R. 
We conclude, therefore, that for any 2) in F,, there is a continuous 
function F(a) which for almost all « in D,(a.2/4) is such that 


(17) F,.(@) =— (27) f (y) dy 


Dn (19.7 ‘4) 


and. furthermore, for all x in D, (2.7/4) 


(18) A[ F(x) —F,,(x) | = 0. 
We also observe that J ®(r—y)A,F(y)dy is continuous in 


D,, (2.7/4) and that for almost all in EF), 


AF (y)dy = y) AF (y) dy. 
FJ On 
These facts in conjunction with (17) and (18) tell us that there exists a 
continuous function F',(x) which is also periodic of period 2z in each variable 
such that for almost all 2 in F,,. 


(19) F, (2) =— 


0), 


G(a—y) AF (y) dy. 


But then from (18), Lemma 2, and the fact that AG(x) =1 for «+4 
mod Q,, we obtain that, for all in D, (2, 7/4), 


a[F—F,]—(2n)* f (y) dy. 


Since zy is arbitrary and /’—F, is a periodic continuous function, it must 
be that F(x) = F,(x) + constant on Q,. That the constant agrees with 
that of the theorem follows from the fact that the integral of G(a) over 
is zero. 

Part b) of the theorem follows from the fact that by [5, Theorem 1] 
equality holds in (17) at all points at which b) is satisfied. But then 
equality also holds at those points in (19), and the theorem is proved. 


= 
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8. Proof of Theorem 3. There is no loss of generality if from the 
start we assume that the given trigonometric series is a real-valued series. 
For suppose the theorem is proved under this assumption. Then it is clear 
that both of the series Gm) and are of 
class (U’). are Abel summable to f(x) + f(x) and i[f(x) —f(a)] almost 
everywhere respectively, are real-valued trigonometric series, and satisfy (iii). 


We would then have 


= (il, m) + (dm —_m) 


= J, elmo F(x) + F(x) + f(x) (2) 


Qn 
and the theorem would be proved in the more general case. 


We also see there is no loss in generality in asuming that a,=0. For 
if the theorem is proved with constant term equal to zero, we would then 


have (27) | —ao]dx=0, and consequently the theorem is true in 
Qn 

the more general case. 


With the given series a real-valued series, with @—0, and with F(z) 


the continuous periodic function whose Fourier series is — )| m 
m0 
we then have by Lemma 4 and assumption (ii) of this theorem that 


v*F (x) = f(r) almost everywhere. Setting g(x) =min[y*F(z), f(r) ], we 
have that g(r) is integrable on Q,. But then by Theorem 2, A,F'(z) exists 
almost everywhere in Q,, and furthermore by Lemma 5 and (ii) of the present 
theorem, =f(2) almost everywhere. We conclude, consequently 
from Theorem 2, that for almost all x in Q,, 


(20) F(x) =— f f(y) G(a@—y) dy. 


Observing that | f(y) | dy | G(a—y)| dx we have that for 
Qn Qn 


m=~(, by Fubini’s theorem and (20), 


. 
(2a) "a, | m = f etm (x) dr 
e On 


f (y) dy[ IG — y) dar | 


oO 
Ln 


= f m dy. 
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| 
| 
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This last fact in conjunction with the observation that by [1] the 
Fourier series of f(2) is Abel summable to f(a) almost everywhere tells us 


that J f(«)dx=0, which concludes the proof to the theorem. 
Qn 
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THE FIELD OF DEFINITION OF A VARIETY.* 


By ANpDRE WEIL. 


Let V be a variety, defined over an overfield K of a groundfield &. 
Consider the following problems: 

(P) Among the varieties, birationally equivalent to V over K, find 
one which is defined over k. 

(P’) Among the varieties, birationally and biregularly equivalent to 


V over K, find one which is defined over k. 


Problems of these types arise, for instance, in Chow’s recent work on 
abelian varieties over function-fields ({1]), in my work on algebraic groups 
({4]), and also in the unpublished work of Shimura and of Taniyama on 
complex multiplication. Criteria for those problems to have a solution are 
implicitly contained in Chow’s paper ([1]) and in Lang’s subsequent note 
on a related subject ([2]); the purpose of the present paper is to develop 
them more explicitly. 

Without restricting the generality of the problem, we may assume 
that K is finitely generated over &; we shall make the restrictive assumption 
that it is separable over k. Then it is a regular extension of the algebraic 
closure k’ of & in K; and &’ is a separably algebraic extension of & of finite 
degree. Thus it will be enough for our purpose to discuss (P) and (P’), 
firstly when AK is separably algebraic over /, and secondly when it is regular 
over k. 

As usual, we do not distinguish between mappings and their graphs. 
In particular, we do not distinguish between a birational correspondence 7’ 
between two varieties V and W (this being defined as a subvariety of V x W 
which satisfies certain conditions) and the mapping of V into W determined 
by 7. The inverse mapping, 7-*, is then a mapping of W into V or also a 
birational correspondence between W and V. To prevent misunderstandings, 
I take this opportunity for pointing out that (by abuse of language) I call 
T everywhere biregular only when T is biregular at every point of V and 
T is so at every point of W; when that is so, T might more suitably be 


* Received January 16, 1956. 
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called an isomorphism between V and W, and a k-isomorphism if k is a field 


of definition for V, W and T. 


Section I. Separably Algebraic Extensions of the Groundfield. 


1. Let & be a separably algebraic extension of a groundfield /o, of finite 
degree n. Call & the set of all distinct isomorphisms of i (over ko, i.e., 
leaving all elements of ky invariant) into the algebraic closure k, of ky; 
& consists of distinct isomorphisms, including the identity automorphism ¢ 
of k. If oe &, and if w is any isomorphism over k, of an overfield of 7, 
we denote by ow the isomorphism of k defined by putting &7° = (&7)° for 
every Eek. 

Let V be a variety, defined over 4}; assume that there is a variety Vo, 
defined over ky), and a birational correspondence f, defined over k, between 
and V. Then, for ce &, re 3, the mapping (f%)* is a bi- 
rational correspondence between V% and V7. We now modify our problem 
(P) as follows: 


(A) Let k be a separably algebraic extension of ky of finite degree; 
let & be the set of all distinct isomorphisms of k into ko. Let V be a variety, 
defined over k; for each pair (c,r) of elements of &, let fro be a birational 
correspondence between V* and V7. Find a variety Vo, defined over ka, 
and a birational correspondence f, defined over k, between V, and V, such 
that fro—= for all of red. 


THEOREM 1. Problem (A) has a solution tf and only if the fro are 
defined over a separably algebraic extension of ky and satisfy the following 


conditions : 
(i) frp =fra fap for all 0, T in 3 


(ii) (fro) for all o, in & and all automorphisms w of k, 


over ky. 


Moreover, when that is so, the solution is unique, up to a birational 


transformation on Vo, defined over ko. 


The conditions are obviously necessary. If the problem has two solutions 
(Vo,f) and (Vo’,f’), put F—f’tof; this is a birational correspondence 
between V, and V ’, defined over k. Writing that (Vo,f) and (V,’,f’) are 
solutions of (A), we find F* = F’ for all o, +; thus, F is invariant under all 
automorphisms of k, over k,; therefore it is defined over ky; this proves the 
unicity assertion in Theorem 1. 
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Now assume that (i), (ii) are fulfilled; then, if o, 7 are in & and wo 
is an automorphism of k, over the compositum of k* and k7, (ii) shows that 
j-o is invariant under ; if f;,0 is defined over a separably algebraic extension 
of ky, this implies that it is defined over the compositum of k? and k7. Let 
r be a generic point of V over &; for each oe &, put to= fo,<(2), € being the 
identity automorphism of k. If we put p=co in (i), we see that fo, is the 
identity mapping of V7; therefore we have 

Let K be the compositum of the fields k’, for all ce &; this is a Galois 
extension of ky; call T its Galois group. Take any weT; as z and 2. are 
generic points of V and V®, respectively, over K, there is one and only one 
isomorphism o* of K(x) onto K(.e.) which induces » on K and maps 2 
onto ae. As few, is a birational correspondence, defined over K, we have 
K =K (ae), so that is an automorphism of K(a#). Applying (ii) to 
any extension of » to an automorphism of ko, we get: 


(to)? = fow,ew (Lew) 5 


putting p=e« and oe in (i), we find that the right-hand side of this 
relation is 70; therefore »* maps Xo onto aq for all ». From this it imme- 
diately follows that the mapping »—o* is a homomorphism of I into the 
group of all automorphisms of K (2), and more precisely an isomorphism 
of f onto a group [* of automorphisms of K(x). Call ko(y) the field con- 
sisting of those elements of K(x) which are invariant under I*; it is finitely 
generated over ky ({4], App., Prop. 3). As K (a) is regular, hence separable, 
over K, and A’ is separable over ky, K(x) is separable over ky (Bourbaki, Alg., 
Chap. V, $7, no. 4, Prop. 7); hence ko(y) is separable over ky. Any element 
of the algebraic closure of hy in hy(y) must be in the algebraic closure of 
K in K(x), which is K since K(x) is regular over K; as such an element is 


invariant under I, it must then be invariant under T, and so it must be 


in ky. Thus we have proved that k,(y) is regular over ky. Call V, the locus 


ft y over ky. 

If an element » of T induces the identity on k, w* leaves « invariant; 
as I* is the Galois group of K(x) over ko(y), this implies that k(x) C k(y), 
so that we may write z=f(y), where f is a mapping of V, into V, defined 
over We have K(x) C K(y), hence K(x) =K(y) since K(y) is con- 
tained in A(x) by definition. This shows that f is a birational correspondence 
between V, and V. Transforming the relation c—f(y) by any o* in I, 
and calling « the isomorphism of k induced on k& by w*, we get to—=f*(y), 
hence foe—=f7°of"; by (i), this shows that (V,,f) is a solution of our 
problem. 
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2. In the introduction, we formulated, in addition to the problem (P), 
a more precise problem (P’). We may modify the problem (A) similarly, 
by requiring f to be everywhere biregular; call (A’) this modified problem. 
For (A’) to have a solution, it is obviously necessary that the f;,o should be 
everywhere biregular and satisfy the conditions in Theorem 1. 

Assume that this is so; let (Vo,f) be a solution of (A). Then, if (V0, /’) 
is a solution of (A’), the unicity of the solution of (A) shows that we must 
have f’ —foF-1, where F is a birational correspondence between V, and V/’, 
defined over ky. Thus problem (A’) may be reformulated as follows: 


(B) Let k and ky be as in problem (A); let V and V, be varieties, 
respectively defined over k and over ky; let f be a birational correspondence, 
defined over k, between V, and V. Find a variety V9’ and a birational corre- 
spondence F' between V,. and V,’, both defined over ko, such that the birational 
correspondence f° F-* between V,’ and V is everywhere biregular. 


It is obvious that, if (B) has a solution, this is unique up to a k,- 
isomorphism ; therefore the same is true for (A’). If (B) has a solution, 
then (& being defined as before) the birational correspondence f7o (f%)7 
between V* and V7 must be everywhere biregular for all o, r in &. We will 
prove that this condition is also sufficient, at any rate if V is a k-open subset 
of a projective variety, defined over &. This will be an immediate consequence 
of the following result. 


Proposition 1. Let k, ko, & be as in (A). Let Vy be a variety, defined 
over ky; let V be a projective (resp. affine) variety, defined over k; let f bea 
birational correspondence, defined over k, between Vy and V. Then there is 
a projective (resp. affine) variety W and a birational correspondence F 
between V, and W, both defined over ky, such that Fof-* is biregular at 
every point of V where the mappings f*°f-' are defined for all ce &. 


Let S be the ambient space of V, projective or affine; f may be regarded 
as a mapping of V, into S. Call o,=«,02,: - -,o, the elements of &, and 
put F, = (f%,---,f%); this is a mapping of V, into the product S x--:X8 
of n factors equal to S, and is defined over the compositum K of the fields k”. 
It is clear that F,°f-* is defined wherever all the f%of-1 are defined. Let 2 
be a generic point of V, over ky; let W, be the locus of F,(z) over A; put 
u= = As o, we have z,—f (2), so that the image 
of uw by the mapping fo FF, is z,; this shows that foF,+ is the mapping 
induced on W, by the projection of the product SX: - - 8S onto its first 


factor, and is therefore everywhere defined. Thus the birational correspon- 
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dence F,°f-? between V and W, is biregular wherever all the f7of™ are 
defined. 

Let 2:,° ° °,2n be nm points of 8; if S is the projective m-space, put 
2;== (Zio»’ * *>%im) 3 and let 2’ be the point, in a projective space of suitable 
dimension, whose homogeneous coordinates are all the monomials 2,,22u9° * * Znuns 
with 0 m for every i. If is the affine m-space, put (21,° Zim), 
put zio=1 for 1 Sin, and let 2’ be the point, in an affine space of suitable 
dimension, whose coordinates are the same monomials as before. In either 
case, put 2’ it is well-known that @ is an everywhere bi- 
regular mapping of S X- - - XS onto its image in projective (resp. affine) 
space. Put now F,—0F'; then F, is a birational correspondence between 
V, and W.—(W,), and F,of-! is biregular wherever all the f?of-* are 


defined. 

If S is projective, let (1,f:(x),- > -.fm(x)) be a set of homogeneous 
coordinates for f(x) ; the f, are functions on Vo, defined over k. Put fy —1. 
Then we have F,= *,;9r), where the gp are all the monomials 


* Ta. 


If w is an automorphism of K over k, gp® is again one of the gp, which we 
may write as guip); the mapping p—w(p) determines a representation of T 
(the Galois group of K over k) as a group of permutations on the gp. For a 
given p, let yp be the subgroup of Tf determined by w(p) =p; then, for weT, 
w(p) takes a number of distinct values equal to the index dp of yp in T. If 
Kp is the subfield of K consisting of the elements of K invariant under yp, 
gp is defined over Kp; therefore, if (a,,: - -, dp) is a basis of Kp over ko, we 
may write gp = > a,hp,, where the hp,, for 1 vdbp, are functions on Vo, 


defined over k, . Then we have, for all weT: 


If, in this relation, we take for » a set of representatives of the dp cosets of 
ye in T, we get a linear substitution expressing the dp distinct functions guip) 
in terms of the dp functions hp,; and, since Kp is separable over ko, that 
substitution is invertible. From this it follows immediately that, if we call 
F(x) the point whose homogeneous coordinates are all the functions hp, 
(where p runs through a set of representatives for the classes of equivalence 
determined by the permutation group I on the set {0,1,- - -,r}, and where, 
for each p, we take 1SvXdp,), F is of the form WoF,, where © is an 


automorphism of the ambient projective space of W.. If 8 is affine, we put 
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f=(fu:-->fm), fo=1, and we define F by the same formulas as in the 
projective case, but regard it as a mapping of V, into an affine space; then 
we have again F=WoF,, © being now an automorphism of the ambient 
affine space of W.. In either case, the mapping F is defined over k,; if W 
is the locus of F(x) over ko, W and F have the properties required by our 


proposition. 


3. Before applying this to the problems (A’) and (B), we need a 


general lemma: 


Lemma 1. Let f be a birational correspondence between two varveties 
U and V; let k be a field of definition for U, V, f. Then the sets of points 
where f and f are respectively biregular are k-open, and f determines a k- 


isomorphism ‘ween them. 
hism between them 


Call U’ the set of points of U where f is defined, U’” the set of points 
of U where it is biregular; call V’ the set of points of V where f-' is defined, 
V” the set where it is biregular. By [4], App., Prop. 8, U’ and V’ are k-open. 
Call f’ the restriction of f to U’ XV’ (i.e. the birational correspondence 
between U’ and V’ whose graph is the set-theoretic intersection of the graph 
of f with U’X V’). If f is biregular at a point a of U, it is defined at a, 
so that ae U’; and, if we put b—f(a), f is defined at b, so that be V’; 
therefore (a,b) is on the graph of f’, and f’ is defined at a. Conversely, let 
a be a point of U’ where f’ is defined; put b=f’(a); then b is in V’, so 
that f-? is defined at 6; as U’ and V’ are open, f is then defined at a, and 
we have b=f(a); thus f is biregular at a. This shows that U” is the set 
of points of U’ where f’ is defined; similarly V” is the set of points of V’ 
where f’* is defined; this implies that they are k-open. If f” is the restriction 
of f to U” & V”, it is everywhere biregular by definition (i.e., /” is biregular 
at every point of U”, and f”-' is so at every point of V”). 

In order to formulate our results on problems (A’) and (B), we will 
say that a variety U, defined over a field k, is projectively (resp. affinely) 
embeddable over k if it is k-isomorphic to a k-open subset of a projective 


(resp. affine) variety, defined over k. 


THEOREM 2. Problem (B) has a solution (Vo, F’) provided V is pro- 
jectively embeddable over k and the birational correspondence f%of' between 
V and V@ ts everywhere biregular for every isomorphism o of k over k, into 
ky. When that is so, V.’ is projectively embeddable over ky; it is affinely 


embeddable over k, if V is so over k. 
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We may assume V to be a k-open subset of a projective (resp. affine) 
variety, defined over k. Take W and F as in Proposition 1; then Fo f-* is 
biregular at every point of V; therefore, by Lemma 1, it is a k-isomorphism 
between V and the k-open subset Vo’ of W where fo F-* is biregular. As the 
feof-t are everywhere biregular is also the subset of W where fro is 
biregular, for every o; therefore it is invariant under all automorphisms of ky 
over ko, so that it is ko-open, by [4], App., Prop. 9. Then, if F” is the 
restriction of F to Vo X Vo’, (Vo', F’) is a solution of (B). 


TuEoREM 3. Problem (A’) has a solution, i.e., problem (A) has a 
solution (Vo,f) for which f is everywhere biregular, provided V 1s projec- 
tively embeddable over k and the fr,0 are everywhere biregular and satisfy 
the conditions in Theorem 1. When that is so, V, is projectively embeddable 
over ky; it is affinely embeddable over ky if V is so over k. The solution 1s 


unique up to a ky-isomorphism. 


Section II. Regular Extensions of the Groundfield. 


4. Let now / denote the groundfield. Let T be a variety, defined over 
i; let ¢ be a generic point of T over k. When we denote by V; a variety, 
defined over k:(1), we will agree, whenever ¢’ is also a generic point of T 
over k, to denote by Vy the transform of V; by the isomorphism of k(t) 
onto k(t’) over k which maps ¢ onto ¢’. Similarly, if a mapping, defined 
over k(t). is denoted by fi, fy will denote its transform by the same isomor- 
phism; if ¢, ¢’, ¢” are three independent generic points of T over k, and fy,t is 
a mapping, defined over k(t, t’), we denote by the transform of by 
the isomorphism of k(t,¢’) onto k(t’) over k which maps (¢,?’) onto 
(t’,t”’) ; ete. 

Let V; be a variety, defined over &(¢) ; assume that there is a variety V, 
defined over k, and a birational correspondence f;, defined over k(t), between 
V and V;; then f,of,? is a birational correspondence between V; and Vy. 
We therefore modify problem (P) of the introduction as follows: 


(C) Let T be a variety, defined over a field k; let t, t’ be independent 
generic points of T over k. Let V, be a variety, defined over k(t); let fet 
be a birational correspondence, defined over k(t,t’), between V; and Vy. 
Find a variety V, defined over k, and a birational correspondence f,, defined 
over k(t), between V and V;, such that 


THEOREM 4. Problem (C) has a solution if and only if fy, satisfies 


the condition: 
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(i) fret = free 


where t” is a generic point of T over k(t,t’). When that is so, the solution 
is unique, up to a birational transformation on V, defined over k. 


The condition is obviously necessary. The proof for the unicity of the 
solution, when one exists, is quite similar to the proof of the corresponding 
statement in Theorem 1. Now, assuming (i) to be fulfilled, we shall con- 
struct a solution of (C). We may replace 7 by any birational transform of 
T over k, and so we may assume that T is an affine variety. Similarly we 
may assume that V; is an affine variety; and, taking 2 to be a generic point 
of V; over k(t), we may replace x by (z,¢) and V; by the locus of (2, t) 
over k(t); after that is done, V; is still an affine variety, and we have 
k(t) C k(x); from now on, assume that this is so, and assume that z has | 
been taken generic on V; over k(t, t’,t’). By [4], App., Prop. 1, k(x) isa 
regular extension of k; call Y the locus of x over k. Put 2 = fy4(x) ; this 
is a generic point of V, over k(t, t’, t’”) ; by the definition of Vz, this implies 
that there is an isomorphism of /(¢,x) onto k(t’,2’) over k, mapping ¢ onto 
t’ and x onto 2’; therefore we have k(t’) C k(2’), hence k(2, t’) C k(2,2’). 
As the definition of 2’ shows k(x,«’) to be contained in k(t’,t,2), i.e. in 
k(x, t’), it follows that we have k(2, 2’) =k(a, t’) ; therefore 2’ has a locus W, 
over k(x). Let k(v) be the smallest field of definition containing k for W,; as 
k(v) C k(x), k(v) is a regular extension of k. Call V the locus of v over k; 
we may write v= G(x), where G@ is a mapping of XY into V, defined over kf. 

If we put 2” —fy-+(x), W, is also the locus of 2” over k(x); as the 
fields and are respectively the same as k(z,?t’) and k(z,t”) 
and are therefore algebraically independent over k(x), W, is also the locus 
of 2” over k(x,2’). But (i) may be written 2” =f; »-(2’); therefore W, 
is the same as W,. This implies that the isomorphism of k(x) onto k(2’) 
over / which maps x onto 2’ leaves invariant all the elements of the smallest 
field of definition of W,, hence also all the elements of k(v), so that we have 
G(x) = G(2’). 

On the other hand, let K be an overfield of k, algebraically independent 
from k(x,2’) over k; if @ is any function on X, defined over K, it will 
induce on W, a function which is defined over K(v) ; if $(x) = ¢(2’), that 
function is a constant, so that its constant value must be in K(v). This 
shows that K(v) is the subfield of K(x) consisting of the elements of K(<) 
which are invariant under the isomorphism of K(x) onto K(2’) over K 
mapping x onto 2’. 

Now the relation x” = f;,;(2) shows that 2” is rational over k(t”, t,.). 
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i.e. over k(t”, x), so that we may write 2” = g(x), where is a mapping 
of X into V;-, defined over k(t”). The relation 2” = f;+(2’) may then be 
written as 2” = ¢;(2’). Applying to the field K = k(t’) and to the function 
$ what we have proved above, we conclude from this that k(a’”’) C k(t”, v). 
As we have G(x) = G(2’), hence also G(x) = G(x”), the isomorphism of 
k(x) onto k(x”) over k which maps z onto 2” leaves v= G(x) invariant; 
applying the inverse of that isomorphism to the relation k(x”) C k(t”,v), 
we get k(x) C k(t,v), hence k(x) =k(t,v) since k(t) and k(v) are both 
contained in k(x). Also, since k(x) and k(t’) are algebraically independent 
over k, the same is true of k(v) and k(t’) ; as the isomorphism of k(2’) onto 
k(x) over k which maps 2’ onto x maps ?’ onto ¢ and v onto itself, this 
implies that k(v) and k(t) are algebraically independent over &. As the 
relation k(x) =k(t,v) can also be written k(t,2) —k(t,v), we conclude 
that V,; and V are birationally equivalent over k(t), so that we may write 
a=f;(v), where f; is a birational correspondence between V and V;,, defined 
over k(t). Then we have 2’ =f;(v). Therefore (V,f;) is a solution of 
our problem. We also see that XY is birationally equivalent to TX V over k. 


5. Just as in Section I, we consider the problem (C’) which consists 
in finding a solution (V,f;) of (C) such that f; is everywhere biregular. 
For such a solution to exist, it is necessary that f;,4 should be everywhere 
biregular ; it will be shown that this is sufficient. 

As in Section I, if we make use of Theorem 4, we see that (C’) may be 


reformulated as follows: 


(D) Let k, T and t be as in (C); let V and V; be varieties, respectively 
defined over k and over k(t); let f; be a birational correspondence, defined 
over k(t), between V and V;. Find a variety V’ and a birational correspon- 
dence F between V and V’, both defined over k, such that the birational 


correspondence f,o F-' between V’ and V; is everywhere biregular. 
In order to solve (D), we need some preliminary results. 


LemMMA 2. Let F and H be mappings of a variety X into two varieties 
W, T, all these being defined over a field k; x being a generic point of X 
over k, assume that t==H (2) is generic over k on T and that x has a locus 
V, over k(t). Let F; be the mapping of V; into W induced by F on V;. 
Then F is defined at every point of V; where F, and H are both defined. 


It is clearly enough to treat the case in which Y is an affine variety 
and W is the affine line. Then F; is the function on V;, defined over k(t), 
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such that F;(7) =F (az). If F; is defined at a point a of V;, we can write 
it as F(z) = P(x)/Q(x), where P, Q are polynomials with coefficients in 
k(t), such that Q(a) +40. More explicitly, we have 


P(X) =TA(HM(X), Q(X) 


where the A;, »; are functions on 7’, defined over k, and the M;, N; are 
monomials in the indeterminates (X) ; and we have 


(1) #0, 
Then we have =@(2)/W¥(x), with 


(2) @(2) = (x)) M(x), = 


As a is on V;, (t,a@) is a specialization of (t,x) over k; if H is defined at a, 
we must have H(a)=t. As ¢ is generic on T over k, the functions Aj, p; 
are defined at ¢; therefore the functions A,;° H, »;°H are defined at a on X, 
with the values A;(t), w(t). That being so, the relations (1), (2) show 
that F is defined at a on V. 


Proposition 2. Let k, T, t, t’ be as in (C); let V be a variety, defined 
over k; let Vy be a variety, defined and projectively (resp. affinely) em- 
beddable over k(t); let f, be a birational correspondence, defined over k(t), 


between V and V;. Then: 


(i) «tf ats point of Vz where fy ts biregular, there is an affine 
variety W and a birational correspondence F between V and W, both defined 
over k, such that Fof,' is biregular at a; 


(ii) «tf fe ofr’ is everywhere biregular, there is a variety W, defined 
and projectwely (resp. affinely) embeddable over k, and a birational corre- 
spondence F' between V and W, defined over k, such that F of, is everywhere 
biregular. 


We may assume that V; is a &(¢)-open subset of a variety, defined over 
k(t), in a projective (resp. affine) space S. We may also assume that 7’ is a 
projective (resp. affine) variety; let S’ be its ambient space. If S, 9’ are 
affine, S < S’ is an affine space; if they are projective, call ® the well-known 
biregular embedding of S < S’ into a projective space S” of suitable dimen- 
sion. Let v be generic on V over k(t, ?t’), and put =f;(v). We may replace 
V; by a suitable &(t)-open subset of the locus of (z,¢) over k(t) in the 
affine case, of ®(x,¢) over k(t) in the projective case; after that is done, 
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we have &(t) C k(x), and therefore k(x) =k(t,x) =k(t,v), so that x has 
a locus X over k, birationally equivalent to T & V, and that we may write 
t= 1(x), where H is a mapping of X into T, defined over k; moreover, the 
mapping H is everywhere defined on YX. 

Now, since X is birationally equivalent to Tx V over k, and V is bi- 
rationally equivalent to V; over k(t), Y is birationally equivalent to T X V; 
over k(t). More explicitly, if we put 2 =—f;(v), 2’ 
on .V, and we have k(2’) =k(t’,v), hence k(t,2’) =k(t,V’,r), so that we 
may write 2’ =g;(t’/,x), where g; is a birational correspondence, defined over 
k(t), between 7 V,; and XY. We have t’=—H(a’), and we may write 
a= where ¢; is a mapping of XY into V;, defined over k(t); then 
(H, 6) is the mapping of X into T < V;, inverse to g;. The mapping g: induces 
on the subvariety V, of TX V; the mapping (t’,2) 2 = fr(f(2)); 
and ¢; induces on V; the mapping 2’ > x, i.e. the mapping f;°fy-*. Applying 
Lemma 2, we see that g; is defined at (¢’,a) whenever a is a point of V; 
where f; of,;7 is defined, and that ¢; is defined at every point of Vz where 
frofy 1 is defined. Therefore g; is biregular at (t’,a) whenever a is a point 
of V,; where fy is biregular. 

Now let A, be the &(t)-closed subset of T  V; where g; is not biregular ; 
and assume first that a is a point of V; with the property stated in (i). 
Then (¢’,a) is not in Ao, so that T X a is not contained in Ay; let A, be the 
(non-dense) i (¢,a)-closed subset of 7 consisting of those points ¢, such that 
(t;,a)eAo. By [4], App., Prop. 12, there is a k-closed subset A, of T 
containing all k-closed subsets of T contained in A,; in particular, every 
point of A, which is algebraic over & must be in Ay. Let A; be the union 
of the components of A, and of their conjugates over &; put 7’ —=T—A,; 
this is a k-open subset of 7 such that, if ¢, is any algebraic point over k 
in 7”, g¢ is biregular at 

On the other hand, assume, as in (ii), that f,of;* is everywhere bi- 
regular. Then g; is biregular at every point of t’ X V;, so that A, has no 
point in common with ¢’ X V;. This implies that the projection of A, on T 
is non-dense in 7’, so that, if we call A,’ the closure of that projection, it is 
a (non-dense) &(¢)-closed subset of 7. Let A,’ be the maximal k-closed 
subset of T contained in A,’; let A,’ be the union of the components of A,’ 
and of their conjugates over &; put T’ — 7 —A,’. Then T” is k-open on T; 
and, if ¢; is any algebraic point over & in T”, g; is biregular at every point 
of t, V;. 

Now let ¢, be a separably algebraic point over k in 7” (resp. T”); if k 
is finite. we may take for ¢, any algebraic point over k in T’ (resp. T”), 


is generic over k(t) 
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since in that case every algebraic extension of k is separable; if & is infinite, 
we apply [4], App., Prop. 13. Let ¢:,- - -,t, be the distinct conjugates of 1, 
over k. As they are in T” (resp. T”), g; is biregular at (¢,a) (resp. at every 
point of t; X V;), and a fortiori at (t;,2), for 117; therefore it induces 
on t; X V; a birational correspondence g; between V; and the locus V; of the 
point gi(x) =g:(ti,v) over k(t,t;) in the projective (resp. affine) ambient 
space of XY; and g; is biregular at a (resp. at every point of V;). But, as we 
have already observed, the relation k(x) =(t,v) shows that X is birationally 
equivalent to TX V; we may write «—f(t,v), where f is a birational corre- 
spondence between 7 X V and X, defined over k; then we have 2’ =f (t’,v); 
and f is the product of g; and of the birational correspondence (t’, v) > (t’, z) 
between TX V and 7X V;. As the latter correspondence is biregular at 
(t;,v), and g; is biregular at (t;,2), for 1 Sisn, we see that f is biregular 
at (t¢;,v), and that we have 


gi(x) = 91(ti, =f (ti, v). 


As the point f(t;,v) has the same locus over k(t;) as over k(t, t), this shows 
that V; is defined over k(t;). As every automorphism of & over & can be 
extended to an automorphism of k(v) over k(v), this also shows that V, 
is the transform of V, by the isomorphism of k(t,) onto k(t;) over k which 
maps ¢, onto ¢;. Also, if f; is the mapping of V into V;, defined over k(t;), 
which is such that f;(v) =f(ti,v), we have f;—giof;; and f; is the trans- 
form of f, by the isomorphism of &(t,) onto k(t¢;) over k which maps f, 
onto 

Now apply Proposition 1 to the variety V, defined over the groundfield 
k, to the variety V,, defined over k(¢,), and to the birational correspondence 
f,; this gives a projective (resp. affine) variety W and a birational correspon- 
dence F' between V and W, both defined over k, such that Fo f,~? is biregular 
wherever all the f;°f,-' are defined, i.e. wherever all the g;°g,"' are defined. 
Now, in case (i), all the g; are biregular at a, so that all the g,°g,"' are bi- 
regular at the point g,(a); therefore f;-1, which is the same as f,-') 9,, 
is biregular at a; as this involves merely a local property of W at the image 
of a by that mapping, we may replace W, in the projective case, by one of 
its affine representatives. Thus we have solved our problem in case (i). In 
case (ii), g; is biregular at every point of V;; as we have just shown, this 
implies that Fof,? is biregular at every point of V;, so that it determines 
an isomorphism of V; onto a i(t)-open subset W’ of W. The assumption in 
(ii) implies that W’ is invariant under the isomorphism of k(t) onto /(1’) 
over k which maps ¢ onto ¢’. From this and from [4], App., Prop. 9, it 
follows easily that W’ is k-open; thus (W’,F) is a solution of our problem. 
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Corottary. Let k, T, t and t’ be as in (C); let V be a variety, defined 
over k; let V; be a variety, defined over k(t); let f, be a birational corre- 
spondence between V and V;, defined over k(t) and such that frofr* ts 
everywhere biregular . Then, if a is any point of V;, there is an affine variety 
W and a birational correspondence F between V and W, both defined over k, 
such that Fof,* is biregular at a. 


We may assume that ¢’ has been taken generic on 7’ over k(t,a); take 
” senerie on T over k(t,t’,a). Call a’, a” the images of a by fy of? and 
by fy respectively. The isomorphism of onto k(t,a,t”) over 
(t.a) which maps onto t” maps a’ onto a”; therefore, if is a repre- 
sentative of the (abstract) variety V; on which a’ has a representative a,’, 
the point a” of V,- has a representative a,” on Vy. Let fra be the bi- 
rational correspondence between V and V+_ which is determined by fy. As 
fy is everywhere biregular and maps a’ onto a”, fig is biregular 
at a,. Applying Proposition 2(i) to V, Vie and fr,, we get a solution 
(W.F) of our problem. 


6. Now we can deal with problems (D) and (C’). 


THEOREM 5. Problem (D) has a solution if and only if frofy? ts 
everywhere biregular for t’ generic over k(t) on T. 


The condition being obviously necessary, assume that it is fulfilled. By 
the corollary of Proposition 2, there is, to every point a of V;, an affine 
variety W, and a birational correspondence Ff, between V and Wg, both 
defined over &, such that F,°of;7 is biregular at a; call Q, the k(t)-open 
subset of V, where F, of; is biregular, and call W,’ its image on W, by 
F,°f;1, which is a k(¢)-open subset of Wa. Then W,’ is the subset of W, 
where f,° 7," is biregular; as in the proof of Proposition 2, this implies that 
W,’ is invariant under the isomorphism of k(t) onto k(t’) over k which 
maps ¢ onto ?’, and we again conclude from this that W,’ is k-open. As we 
have aeQ, for every ae V;, the open sets 2, form a covering of V;; by the 
well-known “compactoid” property of open sets in the Zariski topology, 
there must be finitely many points a, on V such that the sets Q,, cover V;. 
Then the k-open subsets W,,’ of the affine varieties W,,, together with the 
birational correspondences F,,° F,,-t between them, define an abstract variety, 
which, together with the obvious birational correspondence between it and V, 
solves our problem. 


THEOREM 6. Problem (C’) has a solution, i.e., problem (C) has a 


4 


522 ANDRE WEIL. 


solution (V,f:) for which f, is everywhere biregular, if and only tf fr is 
everywhere biregular and satisfies condition (i) in Theorem 4. The solution 


is unique up to a k-isomorphism. 


This is an immediate consequence of Theorems + and 5. 


7. As to the projective or affine embeddability of the solution of prob- 


lems (D) and (C’), we have the following result. 


TueorEM 7. Let V be a variety, defined over a field k, and projectively 
(resp. affinely) embeddable over an overfield K of k. Then V is projectively 
(resp. affinely) embeddable over k provided (i) K is separable over k or (ii) 


V is everywhere normal with reference to k. 


The assumption means that there is a birational correspondence f, defined 
over K and biregular at every point of V, between V and a subvariety of a 
projective (resp. affine) space; if we regard f as a mapping of V into that 
space, it has a smallest field of definition &’ containing k; we may replace K 
by k’; after that is done, K is finitely generated over k. If K is separable 
over k, it is a regular extension /,(¢) of the algebraic closure k, of k in K, 
and k, is a separably algebraic extension of k of finite degree. Proposition 
2(ii) shows that V is then projectively (resp. affinely) embeddable over h,; 
by Theorem 2, this implies that the same is true over k; this completes the 
proof in case (i). If K is not separable over k, let k* be the union of the 
fields k?”, for n=1,2,- +--+; then the compositum K* of K and k* is 
separable over k*, so that, by what we have just proved, V is projectively 
(resp. affinely) embeddable over &*. In order to deal with case (ii), it is 
therefore enough to prove our theorem in the case in which V is everywhere 
normal with reference to k, and K is purely inseparable over k; I owe the 
proof for this to T. Matsusaka; it is as follows. 

We may again assume that K is finitely generated over &; as it is purely 
inseparable, it is contained in some field k’ =k1/4, where q is a power of the 
characteristic. Then there is a mapping f’ of V into a projective (resp. affine) 
space, defined over k’, such that f’ determines a birational correspondence, 
biregular at every point of V, between V and the closure W’ of its image 
by f’; then W’ is a projective (resp. affine) variety, defined over %’, and f 
determines a k’-isomorphism between V and a k’-open subset of W’. Call 7 
the automorphism of the universal domain; put W is then 
a projective (resp. affine) variety, defined over k. Let x be a generic point 
of V over k; then W’ is the locus of the point y’=f’(x) over k’, and W is 


de! 


( 

i 

a 
fi 
0 
n 

fi 

ti 

a 

a 

th 

he 

re 

sh 

he 

pl 

is 

en 

re 

N 


THE FIELD OF DEFINITION OF A VARIETY. 523 


the locus of the point y=y’™ over k. As y’ is rational over k’(z), y is so 
over k(a™); we may write y=g(a), where g is a mapping of V into W, 
defined over /; as we have k’(y’) =k’(x), we have k(y) =k(a™), which 
implies that k(x) is purely inseparable over k(y). In the projective case, 
let U be the projective variety derived from W by normalization in the field 
k(v)1; U is birationally equivalent to V over k; let z be the point of U which 
corresponds to x on V. In the affine case, we take for z a point in a suitable 
affine space such that k[z] is the integral closure of the ring k[y] in the 
field &(), and for U’ the locus of z over k. In either case we may write 
z=f(x), where f is a birational correspondence between V and U, defined 
over k. By definition, U is everywhere normal with reference to k, and the 
mapping kh =gof-' of U into W is everywhere defined and such that the (set- 
theoretic) inverse image of every point of W for that mapping consists of 
finitely many points of U. Leta be any point of V; let (a,b) be a specializa- 
tion of (2.z) over «—>a with reference to k&; then, as h is defined at b, 
(a,b,h(b)) is a specialization of (x,z,y) over k. As f’ is defined at a, g is 
also defined there, so that we must have h(b) g(a); therefore b is one of 
the finitely many points of U whose image by hf is g(a). As V is normal at 
a by assumption, with reference to k&, this implies that f is defined at a, and 
that we have b=f(a). We have g(a) —f’(a)™, hence f’(a) =g(a)™'; as 
g(a) =h(b), this shows that f’(a) is the unique specialization of y’ over 
z2—b with reference to k’; as f’ is biregular at a, f’” is defined at f’(a), and 
therefore « has no other specialization than a over z—>b with reference to k’, 
hence also with reference to k by F-II,, Prop. 3. As U is normal at 6, with 
reference to /, this implies that f-' is defined at b=f(a). We have thus 
shown that f is biregular at every point of V, so that it is a k-isomorphism 
between V and a k-open subset of U. 

As a special case (already contained in Proposition 2), we see that, in 
problem (D). V’ is projectively (resp. affinely) embeddable over k& if V; 
is so over (1); similarly, in problem (C’), V is projectively (resp. affinely) 
embeddable over k if V; is so over k(t). 


8. In [4]. the construction carried out in Nos. 7-9 can be advantageously 
replaced by the application of our Theorem 6 to the situation described in 
No. 6 of that paper. The application is entirely straightforward, so that no 


further details need be given; this shows that the recourse to the Lang-Weil 


‘U is the “derived normal model of W in the field k(2)” according to Zariski’s 
definition ([5], pp. 69-70); ef. also [8]. 
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” in the 


Theorem, i.e., in substance, to the so-called “ Riemann hypothesis 
case of a finite groundfield (loc. cit., p. 374) was unnecessary; so is the 
assumption of normality in the final result (loc. cit., p. 375) ; normality had 
to be assumed there merely because of the use made of the Chow point in the 
construction on p. 370, whereas in the present paper a different device was 
adopted (in the proof of Proposition 1). Of course, in the main theorem 
of [4] (p. 375), parts (i) and (ii) remain unchanged. For the sake of 
completeness, we give here the improved result by which part (iii) of that 


theorem may now be replaced: 


Proposition 3. Let G bea group and W a chunk of transformation-space 
with respect to G, both defined over k. Then there ts a transformation-space 
S with respect to G, and a birational correspondence f between W and S, 
both defined over k, with the following properties: (a) f is biregular at every 
point of W; (b) for every seG and ae W such that sa ts defined, we have 
f(sa) =sf(a); (c) every point of S can be written in the form sf(a), with 
seGandaeW. Moreover, 8 is uniquely determined by these properties up 
to a k-isomorphism compatible with the operations of G. 
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ON THE REGULARITY REGIONS OF THE SOLUTIONS OF THE 
PARTIAL DIFFERENTIAL EQUATIONS OF 
CAUCHY-KOWALEWSKY.* 


By AvuREL WINTNER. 


1. Let =F (z,w,s,v) be an analytic functions which is regular in 
a neighborhood of the point (0,0,0,0) of the complex (2, w,s,v)-space and, 
in a neighborhood of the point (0,0) of the (z,w)-space, let s=s(z,w) be 
the (unique, regular) solution of 


(Cauchy-Kowalewsky). If F(z,w,s,v) is of the particular form F'(z,s), 
then (I) and its solution s=s(z,w) will simplify to 


(11) ds/dz = F(z,s), s(0) =0 


and s==s(z), respectively. A question concerning an absolute constant in 
the problem of a lower bound for the convergence radius of the power series 
s(z) in the special (ordinary) case (II) of the (partial) differential equation 
(1) was dealt with in [12]. The corresponding question for associated radii 
of regularity of the solution s(z,w) of the general partial differential equation 
(1) is much more complex. The only absolute lower bounds known for 
the associated radii of the double power series s(z,w) are those obtained 
by Perron |9]. His result will be improved below to some extent, and so as 
to imply an affirmative answer to one of the questions of function-theoretical 
interest (concerning small functions F' of the four variables z,w,s,v) but 
the problem of the “best absolute constants” remains unsolved. 

It appears therefore natural that what should be settled first is the 
problem of the “best” associated radii of the solution s(z,w) of the initial 
value problem of a quasi-linear partial differential equation, say of 


(IIT) s:=f(z,w,s) + 9(2, 8) Sw, s(0,w) =0, 


with two functions f, g of (z,w,s) which are regular in a neighborhood of 


* Received February 29, 1956. 
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the point (z,w,s) = (0,0,0). In fact, the problem for (III) is intermediary 
between the solved problem for (II) (where g 0) and the unsolved problem 
for (1) (where F can be more general than F(z,w,s,v) =f+g9v; v=Sy). 


2. In order to deal with problems of “best associated radii” in the 
analytic problem, it seemed to be natural to consult first the literature of 
the corresponding problem in the real domain. But what the literature con- 
tains in this regard proved to be of no avail. It is true true Kamke’s book 
of 1930 contains a theorem which implies, among other things, the following 
assertion (Satz 4, §173, pp. 335-336 in [8]): If f(z,y,w) and g(z, y,u) 
are real-valued, uniformly continuous functions on a parallelepipedon 


(IV) 0=27<4, —b<y<b, —c<u<cc 

and if both functions have, with respect to y and u, continuous first derivatives 
satisfying 

(V) d(x, y,u)| = A =const. on (IV), where d—fy,, fu, gy, 

then there exists an absolute constant @ >0 (in fact, some 

(V1) © = slog3; 

ef. [3], p. 336, footnote) in such a way that the initial value problem 
(VII) Uz =f y,U)Uy + 9(2,y,U), u(0,y) =0, 

which is the analogue of (III) in the real field, has on the rectangle 
(VITI) 0=2< min (a,@/A), —b<y<b 


a (unique) continuously differentiable solution u=u(z,y). But Kamke’s 
proof is erroneous (and, as a matter of fact, the assertion is false for any 
absolute © >0). The trouble is at the very beginning of the proof ([3], 
p. 336), where, on the one hand, f(z,y,u) and g(z,y,w) are extended from 
the parallelepipedon (IV), where 0<b<o, to the infinite slab which is 
the case b= o of (IV) and, on the other hand, the tacit (but erroneous) 
assumption is made that, when the point (z,y) is in the rectangle (VIII), 
the point (2,y,u) belonging to the solution u—u(z,y) will stay in the 
parallelepipedon (IV) belonging to the given b<o. The mistake was 
pointed out by Kamke himself in a Nachtrag to the second edition (1944) 
of his book (1930) and the result is stated correctly in [4], p. 41, by 
assuming that bo in (IV) (but the last footnote on p. 42 of [4] is 
misleading, since the coefficient f(r,y.u) of (VII) above is not allowed to 
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contain wu in [9]). Under the assumption b=, following a suggestion 
of Wazewski (cf. [8], p. 2), Peraus6wna [8] determined the best value of 
the absolute constant @, by showing that (VI) can be improved to O21 
and that the assumption © <1 is disproved by a simple example; so that 
®=1 (concerning quasi-linear systems, cf. [11]). 

It is easy to see that Kamke’s proof (with b=) and Perauséwna’s 
improvement of it (again with b=) apply in the complex field also. 
But what then results applies only to a very particular case of the problem 
of (III). In fact, Liouviiie’s theorem shows that the analogues of (V) and 
of the case b= co of (IV) in the complex field compel the coefficients of 
(III) to be of the form 


f(z, w,s) =a(z)w-+ B(z)s, g(2,w,s) =y(z)w+ 8(z)s. 


3. In what follows, the problem of “best associated radii” of (IIT) 
will be settled (Theorem 1) by an adaptation of the method used by Perron 
[10], pp. 557-562, in the particular case f(z,y,u) =f(a,y) of the real 
equation (VII). By using a device contained already in Kowalewsky’s thesis 
[5] (where the case of her $II is reduced to the case of her §1), the result 
on the quasi-linear problem (III) will lead to results on the general problem 
(I) also (Section 7). What thus results for the general case (I) is sub- 
stantially finer than are the known estimates of the associate radii (even 
though one cannot readily speak of “best” constants in the general case). 

The method, being that of the successive approximations, is such as to 
supply for (1) a result (Theorem 3) which does not concern the absolute 
constants but is of independent interest. 


4. The following theorem (which, in view of Section 3, contains the 
central fact of the theory) will be proved first. 


THEOREM 1. Let a, b, c, L, M be five positive numbers, z, w, s three 
complet variables, finally 


(1) f(z,w,s), (2, w, 8) 

two functions which are regular on the (2, w,s)-domain 
(2) <2; <b, ls] <e 
and satisfy the inequalities 


(3) If|<Z, |g|<M on (2). 
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Then that solution 

(4) = 8(z,w) 

(Cauchy-Kowalewsky) of the quasi-linear partial differential equation 
(5) f(z, w,8) + 9(2, 0, 8) 

which belongs to the initial condition 

(6) s(0,w) =0 

is regular on the (z,w)-domain 

(7) <min(a,c/M), 


(at least; but the domain (7) cannot be improved in terms of absolute 
constants) ; moreover, the solution (4) is subject to the inequality 


(8) | s(z,w)| <e on (7). 
The proof of this theorem will be reduced to a particular case of it: 


LemMa. Theorem 1 is true if f (though not necessarily g) is indepen- 
dent of s, that is, if f=f(z,w). 


If x,w,s and f,g are real, then, under appropriate conditions of differen- 
tiability (but without the assumption of analyticity, hence, without assuming 
the applicability of the Cauchy-Kowalewsky theorem), the preceding Lemma 
is contained in Satz 1 of Perron [10], p. 557, which, in the real field, even 
generalizes the case f(z,w,s) =f(z,w) of (5) to certain systems of partial 
differential equations. Perron’s proof (1927), which was the starting point 
of all the recent developments concerning quasi-linear hyperbolic systems of 
partial differential equations in two independent variables (for a list of 
references, cf. [6], pp. 257-258), is based on an application of the pro- 
cess of sucessive approximations. Correspondingly, a glance at Perron’s 
proof shows that it remains valid in the complex field, in the form stated by 
the Lemma above. As a matter of fact, the proof is now shorter than in 
Perron’s non-analytic case, since only the first, and comparatively easier, half 
of the proof (pp. 557-559, ending with formula (38)) is needed; the second 
half of the proof (pp. 559-562), that dealing with the convergence of the 
derivatives, now becomes superfluous, since the uniform convergence of the 
functions implies that of the derivatives in the analytic case. 
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5. Proof of Theorem 1. For every positive integer n, consider the 
solution, say 
(4,.) == 8" (2, w) 
(where n is not an exponent), of the partial differential equation 
(Sn) 82" = f" W) Sw" + (2, w, 8”) 
and of the initial condition 
s"(0, w) =0, 


where, if f and g are the two functions given in Theorem 1, the g of (5,) 
is the given g, whereas the f" of (5,) is defined as follows: 


(9n) f"(z,w) == f(z, w, w)). 


This is an inductive definition, which can be carried out by starting at 
n==0 with 


(10) = §°(z,w) =0. 


For then, if the (local) theorem of Cauchy-Kowalewsky is applied to (5,)- 
(6,), with (9,) first for n—1, then for n=2,---, it is clear that each 
of the functions (4,) is defined, as a unique regular function, on some neigh- 
borhood of the point (0,0) of the complex (z,w)-space. What fails to 
follow in this manner is that this neighborhood of (0,0) can be chosen 
independent of n. But it will now be concluded from the Lemma that the 
(z,w)-domain specified by (7), a domain which is independent of n, is such 
a neighborhood for every n, and that 


(8,) | s"(z,w)| on (7%). 


Suppose that, for a fixed n, the function element s""'(z,w) is known to 
be regular on (7), and that (8,-,) is true for this n. It will be sufficient 
to show that both of these assumptions remain valid if n —1 is replaced by n. 
In view of (10), the induction hypotheses are satisfied if n—1—0. If 
n—~1 is fixed (and positive), then the regularity of s""(z,w) on (7) and 
the assumption (8,-.) imply that, since the functions (1) are regular on 
(2) and satisfy (3), it follows from (9,) that both functions 


(1n) fr(z,w), g (4, W,8) 
(the first of which is independent of s) are regular on (2) and satisfy 


(3,) |f"|<L,|g| <M on (2). 
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Hence, if the Lemma is applied (5,)-(6,) (for the fixed n), it follows that 
the function (4,) is regular on (7) and satisfies (8,). This completes the 
induction. 

Next, there exists, in the domain (7), about the origin of the (z,w)- 


space a sufficiently small domain, say 

(11) <4, w| wo, 
on which the sequence of functions 


is convergent. In the real field, this was proved in a paper of Hartman 
and myself [2], pp. 862-863, by a refinement of the estimates used by 
Perron [10] in his case, the case of the Lemma (cf. comments above). In 
the complex field, the proof is exactly the same as in the real field and 
will therefore be omitted (just as the proof of the Lemma could be omitted 
above). But as italicized before (11), both radii 2,w ) must be chosen 
sufficiently small before the estimates of [2] assure the convergence of (12) 
on (11). In fact, the values of the two positive constants Zo, w» had to be 
subjected in [2], p. 862, to quite a number of inequalities (involving the 
five positive constants occurring in (2)-(3) above). 

This could not be avoided in [2] and, correspondingly, it is not avoided 
in the present case of the complex field. But the “smallness” of the con- 
vergence domain (11) of (12) can, in the present case, be disposed of by 
an appeal to the oldest theorem (Stieltjes) in the theory of normal families 
(of functions of two variables, to be sure). In fact, since the functions (4,) 
are regular on (7) and, according to (8,), are uniformly bounded on (7), 
the convergence of the sequence (12) on a “small” dicylinder (11) implies 
the convergence of (12) on the entire domain (7), and also the uniformity 
of the convergence on every (z,w)-domain, say D, the closure of which is 
contained in (7). 

Let (4) denote the limit function of (12) on (7). Then s(z,w) is 
regular on (7). That the limit function is a solution of (5) (even on a 
sufficiently small (z,w)-domain), is quite an issue in the real field (cf. the 
end of the proof in [2], pp. 863-864), since the uniform convergence of the 
derivatives of the functions (12) must also be assured. There is no such 
issue in the present case, since the uniform convergence of (12) to s(z,w) 
on every fixed domain D, defined above, implies that the sequences 
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tend to the respective derivatives, s;(z,w) and s,(z,w), of s(z,w), uniformly 
on every fixed domain D. In particular, the three sequences (12), (13) tend 
to the three functions s(z,w), S2(2,W), S»(z,w) at every point (z,w) of 
the domain (7). Since (4) is a solution of (5,) on (7), it follows that 
(4) is a solution of (5) on (7). Finally, (6) follows from (6,), and (8) 
from (8,). This completes the proof of the italicized part of Theorem 1. 
There remains to be ascertained the parenthetical assertion made after 


(7). To this end, choose g(z,w,s) to be a function of s alone, and let 
f(z,w,s)=0. Then (2), (3), (4) and (5), (6) reduce to 


|g(s)| <M, s=s(z), ds/dz—f(s), s(0)—0 


respectively, and (7) can be simplified to the circle |z|<b/M. But as 
shown in [12], there does not exist any absolute constant «> 0 in terms of 
which the circle |z|<b/M could be improved to |z|<(1+«)b/M. For 
the ease in which (5) does not reduce to an ordinary differential equation, 
ef. the remark to be made in Section 6 concerning the propagation of singu- 


larities (characteristics). 


6. In contrast to the method of [1], that of [2] consist of successive 
approximations.* It is the latter method which was used above in order to 
obtain “sharp” domains of existence in the analytic case, by adapting the 


considerations of [14]. 


The propagation of singularities along characteristics, and the nature 
of the inequalities of Haar (cf. e.g., [4], p. 34 and pp. 119-120) in which 
this propagation finds it explicit formulation, explain the role played in 
Theorem 1 by the second of the inequalities (2), the constant Z in (2) 
and (7) being the same as in (3). Correspondingly, it is in the very 
nature of the problem that something must be lost if the (z,w)-domains 
considered in assumption (2) and in assertion (7) of Theorem 1 are replaced 
hy (z,w)-dicylinders. The resulting weaker form of Theorem 1 (a weakened 


* Since certain recent publications (of none of the authors concerned) make mis- 
leading or erroneous statements on a “ rediscovery ” of the results of Douglis [1] in the 
last chapter of our paper [2] (a paper the rest of which contains other results also), 
it should be mentioned here that [1] and [2] were written independently, that the date 
of receipt of the manuscript of [2] (see p. 834) was December 21, 1951 and that [2] 
appeared in the October, 1952, issue of the American Journal of Mathematics, whereas 
[1] seems to have appeared sometimes during the summer of 1952 (the exact date and 
the date of receipt of the manuscript of [1] are not available) ; so that neither way is 
it possible to speak of any “ rediscovery.” 
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form which cannot, however, be strengthened in terms of (z, w)-dicylinders) 
is as follows: 

THEOREM 2. Let f(z,w,s), g(z,w,s) be a pair of functions which 
are regular and bounded, say 
(14) <2, ig| <M, 
on a tricylinder, say 
(15) <a, <b, |s|<e, 
about the point (0,0,0) of the space of the complex varwables z,w,:s. 
Starting with five such positive numbers L, M, a, b, c, retain the values of 


L, M and b but replace (if necessary) the given a by a smaller a, and c by 
a smaller c, so as to satisfy the inequalities 


(16) 0<a< b/L, 0<c< LM 


(needless to say, (14) remains true on (15) if the values of a and c, given 
in (15), are diminished). Then the solution s=s(z,w) of the quasi-linear 


initial problem 

(17) Sy =f (Z, W,8)8» + 9 (2, 8), s(0,w) =0 
(Cauchy-Kowalewsky) is regular on the dicylinder 

(18) <min(a,c/M), |w|<b—min(a,c/M) 
(at least), and 

(19) 's(z,w)| on (18). 


The same is true tf f(z,w,s) and g(z,w,s) instead of being regular and 
subject to (14) on the tricylinder (15), are regular and subject to (14) 


only on the tricylinder 


(20) <4, |w|<b—La, |s| <e. 


This is clear from Theorem 1. For, on the one hand, the assumptions 
(16) assure that (20) and (18) are domains and, on the other hand, the 
domain (2) is a subset of the tricylinder (20) and the dicylinder (18) is a 


subset of the domain (7). 


7. Instead of the particular case of quasi-linearity, consider now any 


Cauchy-Kowalewsky equation 
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(21) Uz = F(z, w, U, Uw) 
with the initial condition 
u(0,w) =0 


for the solution u—wu(z,w) and with an F—F(z,w,u,v) which is given 
as a regular function of its four variables on a neighborhood of the origin 
of the complex (2, w,u,v)-space, say on the domain 


(23) |wl|<b, lul<e, joi[<d. 


If a,b,c,d are replaced (when necessary) by somewhat smaller positive 
numbers a,b,c,d, then F is bounded on (23), say 


(24) | F(z,w,u,v)|<C on (28). 


It follows from (24), and from Cauchy’s inequalities for the coefficients of 
the power series of F, that (21) and (22) are majorized by (21*) and (22) 
if (21*) denotes the equations which results from (21) if F is replaced 
by F*, where 


(25) F*(z,w,u,v) =C/{(1—2z/a) (1— w/b) (1— u/c) (1— } 


on (23). But consider first (21) itself and apply to it a formal device 
(used already in Kowalewsky’s thesis [5]), in a way which reduces (21)- 
(22) to the quasi-linear case (but in a less drastic form as in [5]), as 
follows: 


First, if v—v(z,w) denotes the partial derivative wu, —U,»(z,w), then 
(26) u(0,w) =0, v(0,w) =0, 
by (22). and partial differentiation of (21) with respect to w shows that 


= F(z, w,u,v) + 0. Uw, 
(27) 

v, = A(z, u,v) + Fy (2, w, u,v). Ve, 
where 


(28) H(z, w, u,v) = Fy (2, w, u,v) + vF, (2, w, u,v), 


SINC€ Urwy = Uw:. But the comparison of like powers of z,w shows that there 
is a unique pair of (formal) power series u,v in (z,w) satisfying (27) and 
(26), and that there is a unique (formal) power series in (2z,w) satisfying 
(21) and (22). Consequently, (27) and (26) together are not only necessary 
but sufficiently as well for (21) and (22) together. 
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This implies that if (28*) and (27*) denote the relations which result 
if F,H are replaced by F*,H* in (28) and (27), respectively, then (21*) 
and (22) together are equivalent to (27*) and (26) together. Finally, it is 
clear from (27*) that if the (non-negative) numbers yi, are defined by 
placing, for any fixed set of indices, max (anijx, Brij), Where 


F* anijn2" wiuirk, H*=3 


on (23) (with = & & >), and if G is then defined on (23) by placing 


h=0 i=0 j=0 k=0 
(29) G(z, Ww, U,V) =% 


then the case 
(30) f(z, w, 8) == F*,(z, w, 8,8), g (2, w,s) = G(z, wv, s,s) 


of the scalar conditions (17) is a majorant of the components of the vector 
conditions (27*), (26). 

It follows that if Theorem 2 is applied to the case (30) of (17), then 
there results a pair of positive numbers, say A and B, which depend only 
on the five constants occurring in (23) and (24) and which have the 
property that the solution u—wu(z,w) of (21) and (22) must be regular 
on the dicylinder 


(31) |z| <A, lw|<B. 


Since (31) represent (18), it would be easy to write down the explicit 
form, in terms of a, 6, c, d and C, of such a pair of constants A, B. This 
will however be omitted, since the resulting dicylinder (31) cannot possibly 
supply a “best” dicylinder. Incidentally, since the method involes majoriza- 
tions, it leads to explicit estimates of the domain of regularity of the solutions 
apply also in the case of Cauchy-Kowalewsky systems (21)-(22), where wu, F 
and w are vectors (but z is not). 


8. The following fact is mentioned because of its methodical interest. 


THEOREM 3. If a function F(z,w,u,v) ts regular on a netghborhood 
(23) of the origin of the complex (z,w,u,v)-space, then there exists a pair 
of positive constants, say a and B, having the following properties: The 
functions 


€ 


which are assigned by u°(z,w)=0 and the “ successive approximations” 


algorithm 


a 
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(33) u,"(z,w) = F(z, w, u" W), Uo" * (2, w) ), u"(0,w) =0, 
erist and are regular on the dicylinder 

(34) |z| <a, <p (aa,BSb) 
(which is independent of n), the inequalities 

(35) |u"(z,w)| and | Up"(z,w)| <<d on (34) 


hold for every n and for the constants c,d occurring mm (23), and the 
sequence (32) converges on (34) to the solution u=u(z,w) of the Cauchy- 


Kowalewsky problem (21)-(22). 


The truth of the assertions of Theorem 3 becomes clear if Section 7 
is compared with the proof given in Section 5. 


Theorem 3 supplies for the Cauchy-Kowalewsky theorem of a single 
differential equation a proof which goes much deeper than either of the 
classical proofs (those based either on the calcul des limites or on the use 
of characteristics, as in the real domain). The possibility of proving the 
theorem via Theorem 3 is more than a mere curiosity, since the method of 
successive approximations usually supplies an existence range going far 
beyond the existence range supplied by the other methods. In this regard, 
cf. the comments of Painlevé [7] and the results of [13]. 


9. It is worth mentioning that, from the formal point of view of 
“integrability,” the varying degrees of generality, represented by the cases 
of Theorem 3, Theorem 1 and the Lemma of Section 4, lead to “ reductions ” 
of the system of ordinary differential equations to which the method of 
characteristics, referred to in Section 8, is based. 


First, the characteristic equations belonging to (21) are 


(36) dw/dz=— F,.. du/dz = F — vF,, dv/dz = Fy + vF,, 


Where =F (z,w,u,v). Next, if (21) is quasi-linear, as in (5), then 
Ff vf +g, where are f and g functions of (z,w, w) only, then the ternary 
system (36) splits into the binary system 


(37) dw/dz=f(z,w,u), du/dz = g(z, w, u) 
and into the equation 


(38) dv/dz =a(z,w,u) + B(z,w,u)v + y(z, w, u)v?, 


p35 
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where a = gx, B = Ju—f:, y= — fu; So that, if a solution (w, wu) = (w(z), u(z)) 
of (37) is known, then (38) reduces to a Riccati equation 

(38 bis) dv/dz=a(z) + b(z)v+c(z)v? 


for v=v(z). Finally, if f(z,w,w) is assumed to have Perron’s particular 
form, that is, if f—=f(z,w) (cf. the Lemma of Section 4), then the binary 
system (37) splits into two equations of first order: 


(37,) dw/dz=f(z,w), (372) du/dz=g(z,w,u). 

In fact, if a solution w= w(z) of (37,) is known, then (37,) becomes of 
the form 

(37. bis) du/dz=h(z,u), 


and is therefore, like (37,), a differential equation for a single function. 


10. The following considerations deal, like Section 7, with the Cauchy- 
Kowalewsky majorant (21*)-(22) of (21)-(22); cf. (25) and (24). But 
the method will be more direct, and the result more explicit, than in Section 7. 

Let the notation be so chosen that all four radii occurring in (23) 
become 1. Then (24) and (25) show that the Cauchy-Kowalewsky majorant 
(21*) of (21) becomes 


(40) $: = C/{(1—z) (1—w) (1— 4) (1— ow) }, 
where C is a positive constant. Let ¢(z,w) denote that solution of (40) 
which is determined by the initial condition 
(41) $(0,w) =0; 
cf. (21) and (22), where 

According to Perron [9], p. 158, the function $(z,w) =¢c(z,w) is 
regular in the dicylinder 
(42) |z| <<(1—r)?/(1+ <r, 
at least, if r is any number on the interval O<r<1. It is however natural 
to expect that, in view of (40), the location of the singularities will be such 
that every point (z,w) of the dicylinder (|z| <1, |w|<1) becomes a 


regular point of ¢c(z,w) as C0. But (42) it too rough to prove this. 
It will be shown, however, that (42) can be improved to 


(43) |z| <<1—exp(—4(1—r)?/C), <r. 
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This result (the proof of which will depend on an application of (47) below) 
proves the italicized desideratum, since if r—1—e< 1 is fixed and C—C, 
is large enough, then the dicylinder (43) contains the dicylinder (|z| <<1—e, 
'w|<1—e). It will be seen in what follows that the structure of (43) 
is “correct,” in the sense that (43) is close to the ultimate truth. 


In order to formulate this situation precisely, let C be fixed in (40) 
and let * be any positive number corresponding to which there exists a 
positive R having the property that the solution ¢(z,w) of (40) and (41) 
is regular in the dicylinder (|z|<R,|w|<r). By R=—R(r) will be 
meant the greatest such R (so that (R(r),r) actually is a pair of associated 
radii, a pair to which Hartogs’s convexity theorem applies). 


Tueorem 4. If R(r) =Re(r) denotes the z-radius associated to a w- 


radius >O in the solution 6=¢(2,w) —dc(z,w) of (40) and (41), 


then, on the one hand 

(44) R(r) =0 if r—1 (hence, if r>1) 

and, on the other hand, 

(45) R(r) =1—exp(—(1—r)S(r)/C) if 0<r<l, 

where S(r) is a function satisfying the inequalities 

(46) 4(1—r) SS(r) S34 (0<r<1) 
(cf. also (49) below, where y>0). 


Both of the equality signs can be excluded in (46), since it will be 
clear from the proof of (46) that neither of the constants 4, 4 can be 
“best”; ef. also (49) below. Note that C occurs explicitly in (45) but 
not in (46), even though it is not clear that S(r) is not a function, S¢(r), 
of C also. Since (45) and the second of the inequalities (46) imply that 
R(r) as r—1, they imply (44). 


11. First, since the coefficients of all the power series involved are 
positive (or 0), it is clear that a minorant of (40) and (41) results if (40) is 
retained and (40) is replaced by the partial differential equation, say (40 bis), 
which results if the fourth factor, (1—¢,), of the denominator is omitted 
in (40). But (40bis) can be written in the form 


(40 bis) = p/{(1—z) (1— 9) }, p=C/(1—w), 
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where p» is a parameter, and so (40 bis) is an (ordinary, rather than a partial) 


differential equation which the substitution 
(47) t == — log(1—z) <1, log1—0) 


transforms into d¢/dt—yp(1—¢). The solution ¢—¢(¢) is given by 
(1—¢)? =— + const., where const. by virtue of (41) and (47). 
It follows therefore from (47) that the solution 6=—¢(z;w) of (40 bis) 
becomes singular at the z-value z)—2 (yu) determined by the equation 
(1—2z)**—1/e. Since p=C/(1—w), this equation leads to 


(48) Zo = 1 — exp(— $(1—1r)/C) 


if w=r, where 0<r<l. 

Since (40) is a majorant of (40bis) (with reference to the common 
initial condition (41) ), it follows that the solution ¢(z,w) of (40) and (41) 
cannot be regular on the closure of the dicylinder (|z| <%,|w|<r) if % 
is the value determined by (48), where 0<r<1, hence 0<2<1. In 
view of the definition of R(r), this proves the second of the inequalities (46) 
for the function S(1r) defined by (45). Incidentally, it is easy to see that 
the 4 in (46) can be improved to 4 if the factor 1/(1—¢,) in (41) is 
relaxed only to 1/(1—¢) and not, as in the replacement of (40) by (40 bis), 
to 1/(1—0) =1. But this is unimportant, since what is missing in (46) 
is the improvement of the constant upper bound for S(7r) to an upper bound 
which depends on r (cf. Section 11 below), in the same way as the lower 
bound supplied by (46). In view of (45), this lower bound for S(r) is 
equivalent to the result (43) of [13]. 

Concerning an r-dependent improvement of the upper bound in (46), 
I find, by using minorants of (40) which are more elaborate than (40 bis), 
that 
(49) S(r) =O(1—r)? as r> 1 


holds for some constant y > 0 (for instance, for y= %) and the computations 
seem to indicate that (49) holds for any y<1. If (49) should be true 
for y=1 also, then, writing (45) in the form 


(50) R(r) =1—exp(—(1—r)?T(r)/C), where 0< r <1, 


one could conclude from the lower bound supplied by (46) that 
(50?) 0 < fininf 7(r) S finsup T(r) << ; 
so that the problem of the pair of the associated radii (R(r),r) of $(z.w) 
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would become refined to the determination of the two positive values occurring 
in (50?). 


12. There remains to be proved the assertion of Theorem 4 concerning 
the first of the inequalities (46). In view of (45), that assertion can be 
formulated as follows: If r is any number on the interval 0<r<1, then 
the solution 6 =¢(z,w) of (40) and (41) is regular on the dicylinder 


(51) z| << 1—exp(— (1—r)?/8C), lwl<r 
(and, therefore, on the union of the r-family (51) of dicylinders). 

Perron |9] obtained his domain (42) by (retaining (41) but) first 
majorizing (40) by 
(52 ) :=C/{(1 —2z)(1—w) (1— (1— w) — $n) } 
and then (52) by 
(53 ) (1—z2z) (1 [1 —2z]-?w) (1 [1— w]*¢ — ow) }. 
But it will be seen that the device, applied by Perron to an “explicit” 
integration of (53), can be adjusted so as to work for (52) itself, rather 
than just for the weakened form, (53), of (52). This will be made possible 
hy an application to (52) of the mapping (47). The result will be that 
the solution #(z.w) of (52) and (41) is regular on any dicylinder (51), 
where r< 1. 

First, (47) transforms (52) into 
(54) (1—w)¢=C/{1— (1— w) dw} 


but leaves (41) unaltered, since z= 0 corresponds to {=0 in (47). Next, 
replace 6 = (1,w) by p=y(t,w), where 


(95) y=¢/(1—w). 

Then it turns out that, just as in Perron’s case (cf. [9], pp. 157-158), the 
function ~y(t,w) (determined, near (t,w) = (0,0), by (53), (54) and 
(41)), is a function ~=y(u) of a single variable u, to be defined by 

(56) u=t/(1—w)?. 

In fact, a straightforward calculation shows that, by virtue of (55) and 
(56), the partial differential equation (54) is identical with the ordinary 
differential equation 


(97 ) y’ =C/(1— 2uy’). 
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where y=y(u) and y’=—dy/du, whilst (41) goes over into the initial 
condition y(0) =0. 
It is clear that (57) is a quadratic equation for y’—y/(u), and that 


its root ¥’ which remains regular at uO is 

(58) y’ = (1— (1— 8Cu)!) /4u. 
The function (58) of w is regular on the circle 

(59) u| <(8C)- 


of the u-plane. Since y=y(u) follows from (58) (and from the initial 
condition y(0) 0) by a quadrature, y(w) itself must be regular on the 
circle (59). This completes the proof. For, on the one hand, $(z,w) is 
identical with y(u) by virtue of (47), (55) and (56), and, on the other 
hand, it is readily seen from (47) and (56) that the u-circle (59) corresponds 
to a (z,w)-domain which contains the dicylinder (51) belonging to an 
arbitrary value of r, where 0<r< 1. 
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ON CERTAIN ABSOLUTE CONSTANTS CONCERNING 
ANALYTIC DIFFERENTIAL EQUATIONS.* 


By AvuRrEL WINTNER. 


PART I. 


This note on ordinary differential equations, though it does not pre- 
suppose the paper on partial differential equations which precedes it in this 
volume (pp. 525-541), can be thought of as an appendix to that paper, since 
it contains (among other things) a justification of the choice of the region 
of analyticity in Theorem 1 loc. cit. 


Consider the solution w—w(z) of the differential equation 
(1) dw/dz = f(z, w) 
with the initial condition 
(2) w(0) =0 
and under the following assumptions: f(z,w) is regular on the dicylinder 
(3) <a, 
and is bounded there, say 
(4) | f(z,w)| <M on (3). 


Then a classical result states that the method of successive approximations 


supplies the circle 
(5) << min(a.b/M) 


on which the solution w(z) of (1) and (2) is sure to be regular. 

For a long time, and by methods usually distinct from that of the 
successive approximations, various efforts have been made in order to improve 
on the radius of the circle (5) of assured regularity for w(z) ; ef. M. Miiller’s 
report in [6], pp. 169-172. But it was shown in [8] that those efforts 


* Received February 29, 1956. 
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could not possibly succeed, since, if f(2,w) is independent of z (so that (1) 


and (5) reduce to 
(6) dw/dz = f(w) 


and |z| < b/M respectively), then, corresponding to every « > 0, it is possible 
to exhibit an f(w) —f,(w) having the property that the solution w(z) of 
(6) and (2) will possess a singularity within the circle |z| <(1+.«)b/M. 

In this sense, (5) is the best possible result. But as mentioned in 
[8], this result depends on the assumption that no supplementary informa- 
tion, such as a Lipschitz constant, is added to the estimate (4). The purpose 
of the following considerations is to fill in the resulting gap. 

Let f(z,w) be regular on (3) but, instead of assuming (4), suppose 


only that f(z,0) is bounded, say 


(7) | f(z,0)| SN on |2z| <a, 


but suppose also that the partial derivative of f(z,w) with respect to w is 
bounded, say 


(8) | Of (z,w)/dw| <L on (8). 


Although the field is complex, it is readily seen that (8) is equivalent 


to Lipschitz’s condition 
(8 bis) | f(z, w’) —f(z,w”)| <L| w’—w” |, 


where (z,w’), (z,w”) are any two points (z,w) on (3) with distinct w but 
common z. Since (8) is equivalent to (8 bis), it follows from a remark of 
Painlevé [7] on a result of E. Lindelof [4], p. 123 (concerning successive 
approximations), that the solution w(z) of (1) and (2) is regular on the 
circle 


(9) z| << min (a, L* log(1+ dL/N)) 


(at least). Before Lindelof (but not with the method of successive approxi- 
mation), and in the real field, the domain (9) was found by Lipschitz him- 
self ([5], pp. 509-514). Cf. also a paper of O. Hélder [2]. 

The choice of the radius of the circle (9), in contrast to that of (5), 
seems to be artificial (except, perhaps, if an appeal is made to the inequality 
of Haar [1] in the theory of characteristics). But it turns out that (9), 
like (5), is the best possible result of its own kind. By this is meant that, 
if either the a or the Z-tlog in (9) is multiplied by 1-++e, where «>0 is 
arbitrarily small, then there results a z-circle within which the solution w(z) 
of (1) and (2) will acquire a singularity, if f(z,w) =f,(z,w) is suitably 


chosen. 
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This is clear for the replacement of a by (1+ ¢€)a in (9). In facet, 
if f(z,w) is independent of w, then (1) and (9) reduce to dw/dz f(z) and 
|z| <a respectively, and so the solution w(z) of (1) and (2) will become 
singular on the boundary |z|—a whenever f(z) does. Consequently, it is 
sufficient to consider the case complementary to the case f(z,w) =f (z), that 
is, the case f(z,w) =f(w). 

Then, if 61 without loss of generality, (1) and (9) reduce to (6) 
and 


(10) |2| <L*log(1 + L/|f(0)]) 


respectively, since the NV in (7) can be chosen to be the value of | f(w)| at 
w==0 (this value can be assumed to be distinct from 0, since w(z) =0 is 
the solution of (6) and (2) if f(0) 0). On the other hand, the formu- 
lation (8) of Lipschitz’s condition (8bis) reduces to the assumption that 


(11) <L for |w| <1, 


where f/ =df/dw and 16. Accordingly the assertion, to be proved, is as 
follows: If it is only assumed that the function f(w) is regular on the circle 
|w|<1 and that its derivative is restricted by (11), then the solution w(z) 
of (6) and (2) can become singular at z=2z° whenever | z°| is given as a 
number exceeding the radius of the circle (10). 

Choose f(0) 1 and write e instead of L. Then f(w) is a power series 


of the form 

(12) f(w) =1+ 9(w), where g(w) 
for |w| <1, the circle (10) reduces to a 
(13) iz; <e'log(1 +e) =1+0(1) if 


and condition (11) is satisfied (for a fixed e) if 


(14) snl <e, 


n=1 
where ¢,—=c,(e). On the other hand, it is clear from (12) that, if «¢ is 
fixed in g(w) =g-(w), then, near the solution w=—w(z) —w,(z) 
of (6) and (2) is the (local) inverse of the function z=z(w) —z,(w} 
defined by 
(15) 2(w) = J (1+ 9(w))-* dw, where g(0) =0. 
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The only restriction on the coefficients ¢,—Cn(e) of the power series 
(12) is that they should be “small” in the sense of (14). Hence it is 
easily realized (cf. a parallel construction in the proof of assertion (8*) of 
(ii) below) that, for every «> 0, it is possible to choose the coefficients 
(,==Cn(e) of g(w) =ge(w) in accordance with (14) and in such a way 
that the function w(z) =w,(z), defined near z=0 as the inverse of the 
function (15), becomes singular at some point of a circle |z| <r- the radius 
of which is of the form r-—=1-+0(1) as «0. But this is precisely the 
assertion, since the circle (19) is represented by (13). 


PART II. 


If b=1 and in (8)-(4), then the circle (5) becomes 
|z| <1 and, in view of the maximum principle. nothing is lost if the sign 
of equality is allowed in (4). If this is combined with the circumstance 
that successive approximations w)(z) =1, w,(z),: *,Wn(z),° which lead 
to the solution w(z) of (1) and (2) are subject to the inequality | w,(z)| <b 
on the circle (5), then there results the following fact (i): 


(i) If f(z,w) is regular, and satisfies the inequality | f(z,w)|S1, 
on the dicylinder (\z|<1,|w| <1), then the solution w(z) of (1) and 
(2) is regular, and satisfies the inequality | w(z)| <1, on the circle |z| <1. 
For a refinement of (i), ef. [14]. 
Other applications of known “best contants” pertaining to classes of 
power series result if (6) is contrasted with 


(16) dw/dz=f*(w), 
where 


(17) f*¥(w) if f(w) =X 


n=¢ n=0 


In order to see this, suppose that f(w), hence f*(w), is regular on the circle 
w! <1. Then it is clear from the proof of (i) that the solution w(z) of 
(16) and (2) is regular on any circle 

(18) |z| <r/f*(r), 
where r is any positive number less than 1 (for a direct proof, cf. Lindelof’s 
method in [11]). 

Suppose that f(w), besides being regular for |w| <1, satisfies the 

inequality 


(19) |f(w)| <1 for |w| <1. 
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Then, according to Bohr (cf. [10], pp. 32-34), the inequality f*(r) <1 
holds if r+} but not in general if r—=4-+¢«>4. It follows from the first 
of these two facts (the second fact, that concerning the non-existence of 
an absolute constant «> 0, is irrelevant this time) that the radius of the 
circle (18) becomes not less than 4 at r= 4. Consequently, (19) is sufficient 
in order that the solution w(z) of (16) and (2) be regular on the circle 
<4. 

On the other hand, as will be shown elsewhere [16], even the most favor- 
able choice of r (on the range 0 <r <1) can bring the radius of (18) arbitrarily 
close to 4 if only (19) is assumed. One might therefore expect that y =} 
is the greatest absolute constant having the property that the solution w(z) 
of (16) and (2) is regular on the circle |z| << -y whenever (19) holds. This 
expectation proves, however, to be erroneous. The explanation is that 4 is 
the best constant by virtue of Cauchy’s principle of “majorization,” but not 
by virtue of the finer principle of “subordination” (in this regard, cf. the 
concluding remarks in [15]). In fact, it turns out that |z| <4 can be 
improved to |z|<-y (but not, of course, to |z| <1), where y denotes the 
least positive number r (<1) for which the function 


(21) r(1—r?)-4—aresinr (0=r<l) 
becomes 1 (in (21), both the square root and the arcsin are meant to be 
positive). 

(1) If f(w) ts regular on the circle |w| <1 and satisfies (19), then, 
while the solution w(z) of (6) and (2) ts regular, and satisfies the inequality 
| w(z)| <1, on the circle |z| <1, the solution w(z) of (16) and (2) is 


regular, and satisfies the inequality | w(z)| <1, on the circle |z| <-y, where 
y denotes the least positive root of the transcendental equation 


(22) y/(1— y?)4#=1- are sin y (arc sin0 —0). 


The first of the two assertions of this theorem (I) is contained in (i). 
In order to prove the second assertion of (I), note that, according to (17), 


| f*(w) |? where c, |? <1, 
n=0 n=0 n=-0 
by (19), except when f(z) cz, where |c|—1. Hence, in any case, 
(23) f*(r) < = (1— if O< r<l, 


n=0 


where f*(1) 20, by (17). 


p 
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Recourse can now be had to a theorem on “subordination,” initiated by 
Nakano [12] and formulated in a general form in [15]. In fact, it is clear 
from (23) and from the lemma of [15], p. 1106, that the solution w(z) of 
(16) and (2) is regular, and satisfies the inequality | w(z)|<1, on the 
circle |z| <y, if y is any positive number having the following property: 


If the function s—r(t) (=0) is defined as the solution of the differential 


equation 

(24) dr/dt = (1—r?)-4 
and of the initial condition 

(25) r(0) =0, 


then r(t) exists, and satisfies the inequality r(t) <1, on the interval 
0<t<y. But (24) can be solved by the inversion of a quadrature, 
whence it is seen that the solution r=7r(t) of (24) and (25) is the (local) 
inverse of the function ¢(7) which results if the function (21) of r is denoted 
by t= ¢(r). Finally, it is clear that the value of the function (21) is 
between 0 and 1 for 0<r<y, if y is the least positive root (<1) of the 
equation (22). This completes the proof of (I). 

Since the estimate (23) of f*(r) by (1—v7?)-4 excludes the sign of 
equality (except, perhaps, at 70), it also follows that the y of (1) can 
be improved to y+e, where ee >0. On the other hand, it remains 
undecided whether this « can be chosen independent of f (in other words, 
whether y is the best absolute constant). In this regard, nothing seems to 
follow from a direct consideration of the sequence of rational functions 
which, for quite another purpose, Landau has constructed from the sequence 
of the partial sums of 
(23 bis) (1 where b, =1.3- - (2n—1)/2.4- -2n 

n=0 
(Ww? in (20); ef. [10], pp. 26-29, and a general theorem of Schur [13], 
pp. 122-124). 
It will now be shown that if the circle |z|<-y, defined in (I), is 


replaced by the smaller circle |z|<siny, then (I) can be transferred to 
the case in which (16) is generalized to 


(26) dw/dz = f*(z,w), 


where, corresponding to (17), 
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(27) f*(z,w) Zl Cmn|2"w" if f(z,w)—% 


m=0 n=90 m=0 n=0 


(so that f*(z,w) is regular on a dicylinder (3) whenever f(z, w) is). 


(II) Jf f(z,w) is regular, and satisfies the inequality | f(z,w)| <1, 
on the dicylinder (|z|<1,|w|<1), then the solution w(z) of (26) and 
(2) is regular, and satisfies the inequality |w(z)|<1, on the circle 
|z| <siny, where y (<1) denotes the least positive root of the transcen- 


dental equation (22). 


In view of (i), the content of (II) is that, if (1) is replaced by (26), 
then the circle | z| <1, supplied by (i), becomes replaced by a circle | z| <A, 
where A is an absolute constant (<1) which (II) claims to be not less than 
siny. It can readily be shown that, corresponding to the remarks made 
before (I) on the 4-radius, the simple method of Lindeléf [11] supplies for 
(26) and (2) an absolute constant A which is substantially less favorable 
than the absolute constant supplied by (II). The proof of (II) proceeds 


as follows: 
Clearly, the assumptions of (Il) and the second of the relations (27) 
imply that, corresponding to the proof of (20), 
oo 


0 


m=0 n=0 m= = 
if 0<|z2|<1,0<|w| <1, by the first of the relations (27). Since the 
preceding square root is (1—s*)4(1—7r?)-4 if |z] =s<1, |w|=r<1, 


it follows that (26) and (2) are “subordinated” to 
28) dr/ds = (1 —s*)4(1—r?)-3 


and (25). In fact, if [15] is applied in the same way as in the proof of 
(1), it follows that the solution w(z) of (26) and (2) is regular, and in 
absolute value less than 1, on any circle |z| <A the radius of which is a 
positive number satisfying A=1 and having the following property: The 
solution r—=r(s) (20) of (26) and (25) exists, and satisfies the inequality 
r(s) <1, on the interval OSs <X. 


On the other hand, if 
(29) aresins, where 0<t < dz, 1, 


then ¢ is increasing with s (and s=0 corresponds to t=0), and (29) trans- 
forms (28) into (24) and leaves (25) unaltered. But the solution r= r(t) 
of (24) and (25) exists, and satisfies the inequalities 0 = r(t) <1, on the 
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interval Ot <y (cf. the end of the proof (I)). It follows therefore from 
(29) that the solution r—r(s) of (28) and (25) exists, and satifies the 
inequalities 0 <= r(s) <1, on the interval 0=s <A, where A=siny. In 
view of the end of the preceding paragraph, this completes the proof of (II). 


It is instructive to compare the above proofs and results with those 
of Cauchy himself (cf., e.g., pp. 6-7 of Bieberbach’s book (1953) on the 
complex function theory of ordinary differential equations). Cauchy assumes 
that f(z,w) is regular and bounded on a dicylinder (3). It can be assumed 
that a—=1 and 6=—1 in (3), and that (4) holds for 4/1. Then the 
assumptions on f(z,w) are precisely the same as in (i) or (II). But 
instead of Parseval’s relation and Schwarz’s inequality, used in the proof of 
(II) above, and instead of using the principle of subordination (which is 
the crucial step in the above proof; cf. [15], p. 1107), Cauchy applies his 
inequalities, | mn |< M/a™b", for the coefficients of (27), which commits 
him to the following majorization of the power series (27): 


m=0 n=0 

since M/a"b” 1 in the present normalization. Accordingly, not only (1) 
but also (26) is being majorized by 
(30) dw/dz= (1—z)*(1—w) 
and, correspondingly, (28) is roughened to 
(31) dr/ds = (1 — r)1(1—s)7? 
(leaving no possibility for applying “subordination” instead of “ majoriza- 
tion ”’). 


The substitution Z = — log(1—z), where | z| <1 (and Z=0 at z=0), 
reduces (30) to dw/dZ = (1—w)7?. The solution of the latter differential 
equation and of (2) is w= 4— 3$(1— 2Z)4, a function which is regular on the 
circle | Z| < 4 but not at the point Z—=4. Hence it is clear from z= 1—e~? 
that the solution w(z) of (30) and (2) is regular on the circle 


(32) |z| <A, Where A=1— 


and becomes singular at the boundary point z—A of the circle (32). It 
follows that the solution w(z) of (26) and (2) is regular on the circle (32). 
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But this circle is substantially smaller than the circle, | z|< sin y, supplied 
by (II). 

It may finally be mentioned that the discrepancy between the respective 
radii, y and siny (<_y), supplied by (I) and (II), has an analogue when 
only Cauchy’s majorants are applied. In fact, if (26) is of the particular 
form (16), then (30) can be replaced by dw/dz = (1— w)-*. Since the solu- 
tion of the latter differential equation and of (2) is w=4—43(1—2z)f, it 
follows that Cauchy’s method of majorants improves his circle (32) to |z| <4 
(though not to any circle |z|<4-+ 6, where «>0), if (26) is of the 
particular form (16). 

In the particular case (6) of (1), the information contained in (i) 
can be completed as follows: 


(ii) On the circle |w| <1, let f(w) be a regular function 


(33) f(w) c,w" 


n=0 
satisfying (19). Denote by w(z) =wy;(z) the solution of (6) and (2). 
Then 


(a) the function w(z) is regular not only on the circle |2z| <1 but also 
on some circle |z| << 1+ «, where ee, >0 (and, except when f(w) =f (0) 
and |f(0)|=1, not only |w(z)| <1 but also | w(z)| < const. <1 holds 
for |z| <1) but 


(8) the positive number «=e cannot be chosen independent of f in 
(a) and, what is more, 


(B*) even if f(w) ts restricted by cn» =0 for every n in (33) (that 1s, 
even tf f(w) =f*(w)), there belongs to every «>0 some f(w) —f*(w) 
corresponding to which the function w(z) =wy(z) becomes singular within 
the circle |z| <<1+e. 


(a) is a particular case of what was proved in [14] and (f) is the 
result of [8]. In view of the contrast between (I) and (II), the improve- 
ment of (8) to (8*) is relevant from the point of any majorant of (6); 
in fact, (6) is its own best majorant if f—f*. The proof of (8*) proceeds 
as follows: 


Let 0<e<1 (eventually, e—0) and choose c, to be 1—e or «/(2n)? 
according as n=0 or n>0. Then (33) has positive coefficients, f(w) is 
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regular for |w|<1 but not at w=1, and (19) is satisfied. It will be 
shown that if R is defined by 


(34) f (f(r) ) “dr 


(which implies that 2 <oo), then the solution w(z) of (6) and (2) must 
become singular at the point z=. This will prove (8*), since it will 
imply that w(z) must become singular within the circle |z|<1/(1—e) 
(where the denominator can be chosen arbitrarily close to 1). In fact, since 
f(r) is positive and increasing on the interval 0Sr <1, it is clear from 
(34) that R<1/f(0), where f(0) —1—e. 

It follows from (2) and (6), where f(0) 0, that (for small |z|) 
the function w—w(z) is the (local) inverse of the function z=z(w) 
defined (for small | w]|) by 


(35) (f(t) ) “dt. 


Consider the z-map of the interval for OSw<1. Since the function 
f(w) =f*(w) is positive for 0 w <1 and has a positive and increasing 
derivative for 0<w<1, it is clear from (35) and (34) that the interval 
0=w <1 has the schlicht image 0 =z < R, and that, since (19) is satisfied, 
dz/dw stays between two positive bounds as w—1. Hence, if w(z) did not 
become singular at z—=R, then z(w) would remain regular at w—=1. In 
view of (35), this is possible only if 1/f(w) remains regular at w—1. Since 
f(w) was chosen to be singular at w=—1, it follows that f(w) has a pole 
at w=—1. But this contradicts (19). 


Appendix. 


In the assumptions of (i), the absolute value of the given function 
/(z,w) is limited by 1 from above. If this limitation is made from below, 
the result is as follows: 


(iii) If f(z,w) is regular, and satisfies the inequality | f(z,w)|=1. 
on the dicylinder (|z| <1,|w|<1), then the solution w(z) of (1) and 
(6) ts regular, and satisfies the inequality |w(z)|<1, on the circle 
< | f(0,0)!-2. 
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or 


In the proof of (iii), the following lemma (*) will be needed: 


(*) If w=w(z), where |z| <1, ts any regular function satisfying 
the conditions w(0) =0, w’(0) 40, where w’ =dw/dz, and the inequality 
| w’(z)| <1 for |z| <1, then the inverse function z—=2z(w) is regular, and 
in absolute value less than 1, on the circle 


(36) |w | < | w’(0)|*. 

As will be seen in a moment, (*) supplies not only (iii) but also the 
following fact: 

(iiibis) Under the assumptions and in the notations of (iii), the func- 
tion w(z) is schlicht in the circle |z| <|f(0,0)|~. 

Similarly, (i) can now be completed as follows: 


(ibis) Under the assumptions and in the notations of (i), the inverse, 
z—=z(w), of the function w(z) is regular and schlicht in the circle 
|w|<|f(0,0)|?, provided that f(0,0) 40. 


In fact, (ibis) is clear from (i) and (*). It is also clear that both 
(iii) and (iiibis) follow from (*) and (i) if z and w are interchanged 
and, correspondingly, (6) and (2) are written as dz/dw—F(w,z) and 
z(0) 0, where F(w,z) =1/f(z,w) and z=2z(w). Thus it is sufficient to 


verify (*). 


Remark. If f(z,w) is of the particular form f(w), as in (ii), then 
(ibis), where | f(0,0)| <1 by assumption, can be completed as follows: 


(iibis) Under the assumptions and in the notations of (ii), the func- 
tion w(z) is schlicht in the circle |z| <1, provided that f(0) 40 (if f(0) =0, 
then w(z) =0). 


(iibis) is a corollary of the sharper results on the local inverse of the 
integral (35) which are contained in a paper written in cooperation with 
Dr. Hartman (Rend. Palermo, ser. 2, vol. 3 (1954), pp. 286-292). But 
(ijibis) itself is trivial. For, on the one hand, the solution w(z) of (6) 
and (2) is regular, and satisfies | w(z)| <1, for |z] <1 and, on the other 
hand, (35) defines z as a single-valued and regular function if w and the 
integration path joining w to 0 are confined to any simply-connected domain 
which is contained in the cirele | w| <1 and from which the zeros of f(w) 


( 
t 
a 
i 
0 
( 
I 
0) 
a 


(ANALYTIC DIFFERENTIAL EQUATIONS. 553 


(if there are any in |w| <1) have been excluded (by joining these zeros 
w|=1 by cuts). 


to a point of the circumference 


Proof of (*). If the constants which in Satz X of Landau [8], p. 473, 
are denoted by M, R and a are chosen to be 1, 1 and | w’(0)| respectively, 
it follows that the assertion of (*) is certainly true if the radius, 
of the circle (36), claimed in (*), is replaced by 


(37) 1+ (| w’(0) |-? — 1) log ( 
Hence (*) will be proved if it is ascertained that the value of (37), where 
0<|w’(0)| <1, exceeds | w’(0)|? 

Clearly, log(1— | w’(0) |?) =— (| w’(0)|? ++ 4] w’(0) |*+- -), where 


all the higher terms, those indicated by dots, have positive coefficients. Hence 
the value of (37) exceeds 1+ (1—|w’(0)|-?)| w’(0)|?, which is | w’(0)|?. 
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ALGEBRAIC GROUPS OVER FINITE FIELDS.* 


By Serce LANG. 


1. Introduction. Let & be a finite field with g elements. Let @ be an 
algebraic group defined over k. (For the foundations of the theory of 
algebraic groups and homogeneous spaces, sce Weil [8], [9].) If @ is a 
point of G, we denote by «® the point obtained by raising all coordinates 
of x to the g-th power, i.e. by applying to x the Frobenius automorphism 
of the universal domain leaving & fixed. The mapping f(r) =a 17 is a 
rational map of @ into itself. It will be shown that it is in fact surjective, 
and that it gives a Galois, in general non abelian unramified covering of G 
over itself, the Galois group being that of the left rational translations. 
This sort of covering is of course impossible in characteristic 0. 

More generally, it will be shown that @ acts on itself as a homogeneous 
space, under the operation F'(z,y) =x: y=a@yr". Using this fact we 
shall show that every homogeneous space H of G defined over k has a 
rational point. If it is principal homogeneous, then it must be biregularly 
equivalent to G@ over k, and in case @ is commutative, this means that the 
Weil group is trivial. We also use this result to give a new proof of a 
result due to Chatelet [4], that if a variety V/k becomes biregularly equiva- 
lent to projective space over the algebraic closure of #, then it is already 
so over i itself. 

Finally we consider the class field theory for our covering defined by 
the map z—z ‘2, get a partial non abelian reciprocity law, and prove that 
the Artin /-series are trivial. This is used to prove the following result: 
Let q be a subgroup of the rational points of G over k. Let H be the homo- 
geneous space of cosets of Gmodg. Then G@ and H have the same number 
of rational points. 

In case the group G is commutative, then one can get a complete 
reciprocity law, and one can use it to derive the class field theory over a 
variety V having a rational map into G by means of which the abelian 
coverings of G by commutative groups can be pulled back in a one-one manner. 
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This abelian class field theory is carried out in detail elsewhere, and in this 
paper, we have concentrated exclusively on the non abelian aspects of the 


covering 2-12, 


2. The map f(z) = x7!s9). The map f(z) being as above we contend 
that if z is a generic point of G/k then f(z) is also a generic point of G/k, 
and in fact the extension k(z) over k(f(z)) is separable algebraic. Namely, 
putting r—f(z) we have k(z) =k(2,z) =k(a,z). Our contention now 
follows from the following elementary and well known result of field 
theory: 

Proposition 1. Let F bea field and E/F a finitely generated extension. 
We assume the characteristic pis A0. If E/F ts separable algebraic, then 
= E for all powers p*, and conversely, if =E for some power p*, 
then E/F is separably algebraic. 

(By H* we denote the field obtained by raising all elements of / to the 
p*-th power.) 

We have trivially for z, w in G: 


(1) (zw) @ (2-1) @ (2) -1, 
Furthermore our rational map satisfies the following formalism : 
(2) f(zw) =f(2)"f(w) 


where y” is defined to be w-tyw. 
The subgroup of G consisting of the elements rational over the field kg 


(unique extension of & of degree d) will be denoted by Ga. 


(3) An element a of G@ is in G, if and only if f(a) —0. More generally, 
f(z) =f(w) if and only if aw for some « in G,. 


The first part of the statement is obvious. If z= aw, it is also obvious 
that f(z) =f(w). Suppose f(z) =—f(w). Then —w'w™, whence 
(zw-') = This means that is rational over as desired. 

We now see that if z is a generic point of G/k, then the extension 
k(z)/k(f(z)) is Galois, the distinct conjugates of z over i (f(z)) being az, 
with a rational over k. 

The mapping g(z) =2%z" has analogous properties with respect to 
right translations, and we shall use them freely whenever needed. 


Proposition 2. Let y be an arbitrary point of G and x a generic 


point over k(y). Then x@yx" is a generic point of G over k(y). 
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Proof. Let w=a@yr, Put K=k(y). Then K(w,2) =K(w,2). 
This implies that K(x) is separable algebraic over K(w), and that w has 
the same dimension as « over K. Hence it is a generic point of G/K. 

Given two arbitrary points x and y of G, we denote by x-y the point 
a@yx'. We obviously have for x, y, z arbitrary, 


(4) and 


To prove that @ is a homogeneous space over itself with the above 
defined external law of composition, we need only prove the following 


statement : 


THEOREM 1. Given two points y and w in G, there exists a point x 


such that «#-y=w. 


Proof. In fact, using the associativity, it suffices to prove: Given y 
in G, there exists « such that «-y=e. Let ¢ be a generic point of G over 
K=k(y). Then ¢t-y is a generic point of G/K by Proposition 2. There is 
an isomorphism o which is identity on K and maps t@t* on t- y= t@yt". 
We can extend o to the field K(t). Let wt. Then 


g(u) (tl?) = g(t)? = 
If we put «ult, we have what we want. 

Corotiary. The map is surjective, i.e. given any y im G, 
there exists z such that y=2712, 

Proof. According to the theorem, there exists z in G@ such that 
2y'zt==e, This element z does what is required. 

From this corollary we see that we have indeed an unramified covering 
of G over itself. Given any point Q in G, there exists n points P such that 
(= P'P®, where n is the order of G,. Given any one of them, all the 
others are simply the left rational translations of this one. 

As another application of Theorem 1, we prove 

TrroreM 2. Let H/k be a homogeneous space over G. Then H has 
a rational point. 

Proof. We must show that there is some point wu in H such that uw = u. 
Let v be any point of H. Since H is defined over k, then v™ is also in H. 
Since 77 is a homogeneous space, there exists an element x in G@ such that 
=v, By the corollary to Theorem 1, we can write ty, From 


i 
/ 
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this we see that (yv)==(yv) and hence u=—vyv is the element we are 
looking for. 

We would like to point out here that Theorem 3 of [6] is a special case 
of the preceding result. Indeed, if a variety V/k becomes biregularly equiva- 
lent to an abelian variety over the algebraic closure of &, then V can be 
viewed as a principal homogeneous space over its Albanese variety A, which 
is known (by Chow’s work) to be defined over &. (See Weil [9], Prop. 4.) 
However, because of the completeness of the group, we could give a direct 
proof, without using the Albanese variety. The proof can in fact be further 
simplified as follows: 


We wish to prove that if a variety V over a finite field 4 becomes bi- 
regularly equivalent to a complete group variety over the algebraic closure 
of k, and hence over a finite extension k’ of k, then V has a rational point 
over k. Over k’ we can put a law of composition on V which makes it into 
a complete group variety (we don’t even need to know it is abelian). There 
is a unit element e, rational over k’, but not necessarily over k. Let z be a 
generic point of V over k. With respect to the composition law over F’, 
we consider the point f(z) =z *z@. It is a generic point of V over k’ (by 
Proposition 1). Since V is complete, we can extend a specialization of f(z) 
on e to a specialization of z to a point € on V, and then &%%—e. This 
point satisfies €®, and is therefore a rational point. 

The statement made in our above mentioned paper that there is a 
rational place is a consequence of the following well known fact: Let k be 
any field, and V/k any variety (say affine). Let Q be a simple point of V, 
rational over k. Let v be a generic point of V/k. Then there exists a place 
¢ of k(v) over k such that ¢(v) =Q and such that $ ts rational over k 
(i.e. k-valued). One often says that Q is at the center of ¢. Here of course, 
we have the additional property that the place can be chosen in such a way 
that the residue class field is canonically isomorphic to & itself: No irration- 
alities are needed in extending the specialization v--Q to a place of the 
function field. There exist many proofs of the above fact, and one of them 
runs along the following lines. The completion of the local ring of Q in 
k(v) is isomorphic to a power series ring in r variables (r—=dimV) with 
coefficients in k, because Q is simple. There is therefore a canonical isomor- 
phism of k(v) in the quotient field of this power series ring. This quotient 
field itself can be embedded in the repeated power series field, which has 
obviously a k-valued place mapping all the variables on 0, one after the 
other. The restriction of this place to k(v) is the one we are looking for. 
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We now return to the arbitrary algebraic group G over the finite field k. 


Let o,7,° - - range over the group of automorphisms of the extension kg 
of k. This group (which is cyclic) operates on Gq in an obvious fashion. 
Referring to this operation, we show that the 1-cocycles split: 


Proposition 3. Let {xo} be a set of elements of Gq such that = Lor. 
Then there exists y in Gq such that to = y%y". 


Proof. We can change our indices from o to integers mod d. According 
to the corollary of Theorem 2, we can write z,—yy" for some y in G 
(we do not know yet whether it is in Ga). Then by the cocycle property, 
we get Finally, taking id we must have 


C= Vo == La =as 


This shows that y is rational over k, because y@ = y. 
As an application, we prove Chatelet’s theorem: 


THEOREM 3. Let V be an abstract variety defined over k, which becomes 
biregularly equivalent to projective space S over the algebraic closure of k. 
Then V is biregularly equivalent to S over k. 

Proof. Let T: V—S be the correspondence, defined over some kg. 
With Chatelet ([3], [4]) we take ro = T°T™-', which is a birational biregular 
correspondence between S and itself. It is therefore projective, and is an 
element of the projective group G, rational over ky. It satisfies the condition 
of Proposition 3, and if we let y be the projective transformation as in 
Proposition 3, we consider 7,—y'*7. Then 7, is obviously fixed under 
every automorphism o of ka over k, and hence T, is defined over k. 


For a proof that the only biregular correspondences of S with itself are 
projective, see Chow [5]. In that paper, other varieties are proved to have 
that property, and our theorem applies to them as well. 


3. Class field theory. We shall now investigate the covering f(r) 
=r'r® from the point of view of class field theory. By a cycle, we shall 
always mean a cycle of dimension 0. Let p be a prime rational cycle of G 
over k, and let @ be any point in it. Let P be any point such that f(P) = Q. 
All other points are of type aP, where a is rational over k. If p is or degree d, 
then f(P@) =f(P)@ =—Q. Hence P" also lies in the inverse image of 
( under f, and hence there exists a rational point a in G, such that aP = P@”), 
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We define rg(Q) to be the product QQ@- - -Q@*, Then we have 
(6) aP = = 


It is clear that the point a in G, is completely well defined by the prime 
p, up to conjugacy in G,. Furthermore we have 


PROPOSITION 4. Given two points Q, and Q» in G,, let a, and az in G, 
be any points determined by the condition 


== P,@ = = = 
Then a, is conjugate to a, in G, tf and only tf Q, ws conjugate to Q, in G,. 


The proof is trivial and formal, and we leave it to the reader. 

We have a mapping from the primes to the conjugacy classes of G, 
defined by (6), and if the prime is of degree 1, then we obtain a 1-1 mapping 
of the conjugacy classes of G, (viewed as a set of primes of degree one) 
onto the conjugacy classes of G, (viewed as Galois group of left translations). 
The period of the point a is clearly equal to the period of wa(Q). and thus 
we can tell the period of the Frobenius class associated with a prime. Further- 
more, we see that p splits completely if and only if z@(Q) —e. 

I have not been able to determine whether the conjugacy class of a is 
always equal to that of Y (when Q is in G,) and more generally to deter- 
mine if a and wqa(Q) are conjugate in Gq. In order to obtain the complete 
decomposition laws, we would need to know that any rational point 0 in G,. 
conjugate to 7a(Q) in Gq is conjugate to a in G,. This would imply that 
the Frobenius class associated with p in G, can be determined rationally. 
(This is the case for the full linear group.) 

We now consider the L-series. 


Let z be a generic points of G/k. Let 
fn(z) = 2722") and m,(z) =22@- - 


Then an(f1(z)) =fn(). 

Let H=k(z), FP=k(fi(z)), and K =k(f,(z)). We have inclusions 
EDF2DK, and E/F is Galois (it is the extension discussed previously). 
Let E,, Fp, and K, be the constant field extensions by k,. Then F,/K, 
becomes Galois, with group G,. The group G@ is a model of each one of 


our function fields, but of course in a different way each time. 
Referring to these models, we shall prove that the L-series are trivial 
for a character not containing the identity. 
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Let X be a character of G,. Let p be a prime cycle of G/k. Let 7’, 
be any one of the translations of G, in the Frobenius class associated with 
y in G,. Then the L-series are defined by 


Log L(t, x. = Ty) deg (p) 
( 


the sum being taken over all primes and all p= 1. 
If we look at the coefficient of ¢" we see that we must prove that 


deg (p) = 0. 
deg (p)| n 


This sum can be rewritten in terms of points in G, as follows: To each 
point Q in G,, we can associate a translation 79 (well defined up to 
conjugacy) in G,, such that for any P in f,*(Q) we have T9(P) = P@, 
It is then clear that the above sum is equal to 


(7) = xXx(Te™). 


QeGn 


For m1 we know by Proposition 4 that each class will have a repre- 
sentative T9 for some Q in G,, and that this representative will occur in 
our sum as many times as there are element in that class. Consequently 
the value of our sum is the same as the value of the character taken over 
the sum of the conjugacy classes in the group ring of G,. If xX does not 
contain the identity character, then this sum must be 0. 

For arbitrary n, we note that the coefficient of ¢” in our L-series 
L(t,x,E/F) is by definition and formula (7) the same as the coefficient 
of ¢ in L(t,x, B,/Fn). We have thus reduced the computation of the n-th 
term to the computation of the first term of an JL-series over a bigger 
constant field. By one of the main theorems on L-series, we know that 


L(t, X, L(t, x*, 


where x* is the induced character. If x does not contain the identity, 
then neither does x*. The extension /’,/K, is now of a type analogous to 
that considered above for n=1 (i.e. belonging to a rational map f,). 
ITence the first coefficient of the L-series is equal to zero, as desired. 

Let A: G—H be a homomorphism of an algebraic group G onto an 
algebraic group H, defined over &, and with finite kernel. Let z be a generic 
point of G/k. As usual, fg(z) =27?2@. We also have an f-mapping on H, 
denoted by fa. Then obviously fxA—Afc. Taking the degree of both sides, 
we see that the degree of fy must equal that of fe, i.e. that G and H have 
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the same number of rational points (hence the same zeta function). If 
kernel of \ is contained in G,, and d is separable, then @ is Galois over H, 
and this again suggests that the L-series for the covering are trivial. This 
is indeed the case, and can be proved as follows: Put y=A(z). Then 
E=k(z) Dk(y) =MDk(z2z2@) =F. If x is a character for the Galois 
group of E/M, and does not contain the identity, then the induced character 
x* to the Galois group of H/F does not contain the identity either, and by 
what has been proved before, the L-series belonging to it must be trivial. 


More generally, if the identity for H/M occurs with some multiplicity in 
x, then the identity for E/F occurs with the same multiplicity in x*. (See 
for instance Brauer-Tate [2], where we put © identity in formula (5).) 
From this remark we can deduce the following result. 


Let H be the homogeneous space obtained from G by the cosets of a 
subgroup of G,. Then we have a rational map A: G—H (not necessarily 
a homomorphism), and the same type of field inclusion as_ before: 
k(z) Dk(y) D k(x). The zeta function of H, denoted by Zy(t), can be 
written 

Zu(t) =L(t,1,#/M) = L(t, 1*, E/F) 


where 1 stands for the identity character on the Galois group of #/M. The 
identity for H/F occurs exactly once in 1*, and hence the above L-series is 
equal to Z(t): L(t,x, H/F), where X is some character for which 
does not contain the identity, and Zg(t) is the zeta function of G. This 
shows that the zeta function of G and H coincide, and hence that G and H 
have the same number of rational points. 

Knowing that the L-series are trivial, we can of course apply the formal 
argument given by Artin (Satz 4 of [1]) to get the density of primes in a 
given arithmetic progression. Let xX; be the simple characters of G,. Then 
we know that 


‘ 0 11 
8 Xi(Te™ 
( ) ( Q ) + O(grr- /2)) 


because for i=1, we deal with the zeta function and can use the results 
of [7]. Let C; be a fixed class in G, and T any element of C;. Let h be 
the order of G, and h; the number of elements in C;. Multiplying (8) by 
x:(7-') and summing, we use the orthogonality relations (see formula (3) 
of [1]) to get 


N(n, C5) = + O(gnr- 2)) 
j 


4 


~ 
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where N(n,C;) is the number of points in G, having their Tg™ in the given 
class C;. One sees trivially that to get an estimate for the number of primes, 


one has to divide by n. 
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REPRESENTATIONS OF SEMISIMPLE LIE GROUPS VI.* 


Integrable and Square-Integrable Representations. 


By HarisH-CHANDRA. 


1. Introduction. Let G be a connected semisimple Lie group and let 
Z denote its center. Then if 7 is an irreducible unitary representation of 
G@ on a Hilbert space § we can find a unitary character yz of Z such that 
=nx(z)x(1) for zeZ. Let denote the natural mapping of ¢ 
on G*=G/Z. If ¢,weS, it is clear that (¢,7(x)y)(ceG) depends 
only on x*. Let dc* denote the Haar measure on G*. We shall say that 
7 is square-integrable if there exists an element y%)>0 in such that 


| (Wo, r(x) |?>dx* Similarly 7 is said to be integrable if 
J 


r(X)Yo)| dx* << oo for some in §. In this paper we intend 
G* 


to study in detail some examples of such representations. 

Let = be a square-integrable representation of G. Then, as shown by 
Godement [4(b)], the Schur orthogonality relations hold for + and there- 
fore there exists a positive constant dz such that 


|? = da*| |? |p|? 


for all d.~e. Naturally dz depends on the normalization of the measure 
dx* but once this has been fixed, dx can be considered as a function of 7. 
In analogy with the case of compact groups we call dz the formal degree 
of x. If Z is finite and » is the equivalence class of z, dz is also equal to 
the mass of » with respect to the Plancherel measure (see Section 5) just 
as in the compact case. Moreover for compact semisimple groups Weyl 
[11(a)] has given a formula for the degree of an irreducible representation 
in terms of its “highest weight.” We shall se that substantially the same 
formula holds for the formal degree dz under suitable conditions. This is 
the principal result of this paper. It can be verified immediately in the 
case of the 2 X 2 real unimodular group by looking at the results obtained 
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by Bargmann [1, p. 634] by direct computation. This very simple case is, 
in a sense, fundamental and much of our argument will depend on the 
properties of this three-dimensional group. 

This paper is divided into two parts. In Part I we obtain the Schur 
orthogonality relations and establish the connection between the formal degree 
and the Plancherel measure. We also obtain a formula for the character 
of a square-integrable representation which is quite similar to the corre- 
sponding formula in the compact case. Although the Schur orthogonality 
relations are now new, Godement’s proof of them [4(b)] does not cover the 
ease when Z is infinite. (However it could perhaps be modified to include 
this case as well.) At any rate our method is quite different and it seems 
worthwhile to present it briefly even at the risk of some overlap with earlier 
work especially since the infinite case mentioned above is particularly impor- 
tant for us. 

Part II is devoted to the proof of the analogue of Weyl’s formula. This 
proof depends on a detailed comparison at each step between the compact 
and the non-compact cases and the entire argument is based on Lemma 22. 
In order to make this comparison we need some considerable algebraic 
preparation which consists of an intensive study of the root-structure of 
certain types of semisimple Lie algebras. As an incidental outcome of this 
study, we get in Section 7 a new proof of a theorem of KE. Cartan [2(c), 
p. 145) | on the boundedness of certain complex domains. This proof, unlike 
that of Cartan, does not depend on the classification of simple groups. 

The last two sections contain the proof of Lemma 22. Here I follow 
closely a method due to Weyl [11(a)] and Cartan [2(a)] and although the 
proof is somewhat long no new ideas are involved. 

The results of this paper had been announced in a short note [5(d) ]. 


Part I. 


2. Preliminary lemmas. Let G be a connected semisimple Lie group 
and let gq, denote its Lie algebra over the field R of real numbers. Define f, 
as in [5(b)] and let cy be the center and fo’ =[£o,£| the derived algebra 
of f,. Let K, K’ and D denote the analytic subgroups of @ corresponding 
to f., f,’ and cy respectively. We consider the space C.(@) of all (complex- 
valued) continuous functions on @ which vanish outside a compact set. For 


any two functions f.geC.(@) we define their convolution f*g by 


(f*g) (x) = (reG) 
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where dy is the Haar measure on G. Under this operation C.(@) becomes 
an associative algebra. Let © denote the set of all equivalence classes of 
finite-dimensional irreducible representations of K and let éy be the character 
(on K) of any class DeQ. Choose a base T,,°--,V, for co over R such 
that explieDNZ, 1Sisr. (Z is the center of G.) This is possible 
since D/D MZ is compact (see Mostow [9]). Let c, be the subset of ¢, 
consisting of all elements of the form 2#,7°,+-:-:-:+4,0, (eR) with 
[t;|S43,1Sisr. Then K,—K’(expc,) is a compact subset of K. For 
any feC.(@) and De we define two functions gf and fg in C.(G) as 


follows : 
af (x) =d(D) f (u)f (ur) du, fo(x) =d(D) J, f (ru)ép (u) du 
e Ko Ko 
(xeG). Here du is the Haar measure on K normalized in such a way 


that du=1. Also d(D) is the degree of any representation in D. Let 
e Ko 
L(D) (De) denote the subspace of C.(G) consisting of all functions of 


the form sf (feC.(G@)). Since 9(f*9) = (of) *9 (f.geCe(G) it follows 
that L(D) is a right ideal in C,(@). 

Let + be a quasi-simple irreducible representation (see [5(b)] of G 
on a Banach space §. For any DeQ, let Sg denote the subspace of § 
consisting of all those elements which transform under 7(K) according to 9. 


Let be the set of all DeO such that Then L(D) isa 
DeQe 


subalgebra of C.(G@). Since z is quasi-simple there exists a character yz of 

Z such that r(z) =nr(z)r(1) (zeZ). We shall call nx the central character 

of ~. For any feC,.(G@) let denote the operator f (a) x(x) dz. 
G 

Then f—-7(f) defines a representation of C.(@) on §. 


Lemma 1. The space $= > Hp ts invariant and (algebraically) 
DeQ 
irreducible under 


Let Ey (DeQ) denote the canonical projection [5(b), p. 225] of § 
on $y. Then if Dez, one proves easily (see [5(c), p. 249]) that 


Ey =d(D) f Eg (u*) (u) du 
Ko 
and therefore 


Egn(f) = (feC.(G)). 


On the other hand if D¢Qz, Hence it is clear that if fe Le, 
maps § into Let be any nonzero element in § . In order to prove 


\ 
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the irreducibility of § under r(Laz) it would be enough to show that 
Sq C r(Lr)y for all DeQe. Suppose then that this is false for some ©. 
Put U=HgN7(Lr)yo. Then UAHq and since dim Sg is finite [5(b) ], 
there exists a linear function 240 on §g which vanishes identically on U. 
Extend « to a continuous linear function on § by setting «(y) =a(Lpy) 
(ye). Since Yo ~O0 and = is an irreducible representation of G, it is 
obvious that the continuous function a(2(x)y) (xe G@) cannot be everywhere 
zero on G. Hence we can choose fe C,(G) such that 


f dz 
Then 
a(x (af )¥o) = = f(x) Yo) de 70. 
Sut since gfe L(D), and therefore =9. This con- 
tradiction proves the lemma. 


CoroLtaRy. For any DeQz, is invariant and irreducible under 
7(L(D)) and the corresponding representation of L(D) on Sq determines 
xr completely up to infinitesimal equivalence [5(b), p. 230]. 


Since Egr(f) (feC.(G@)) it is obvious that is invariant 
under r(L(D)). Let yo and y be two elements in $y and suppose yo ~0. 
Then it follows from the above lemma that y—-(f)y for some fe Lz. 
But since we Hg, 

= Egy = 


However gfe L(D) and so the irreducibility is proved. 
let ¢(r) (xe@) denote the trace of the restriction of Hgr(r) Eo 
on Hp. Then if feC.(G), f f(x)¢(x)dz is the trace of the restriction of 


on Sy. But since = r(of), it follows that 


f(x) dr = of (x) de. 
Hence if » denotes the representation of L(D) on Sg 
F(x) (feC.(@)). 


¢ being a continuous function, it is now obvious that the knowledge of the 
trace of » determines it completely. From this our assertion follows (see 
[5(e), p. 235]). 
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Lemma 2. Let pO be an element in §. Then EgyA~0O for some 


Let C.*(G@) be the set of all functions feC,.(G@) which are every- 
where indefinitely differentiable. Choose a neighborhood V of 1 in G@ such 
that |r(z)y—wy|S4|y| for ze V. Since Ky is compact, we can find 
another such neighborhood V’ with the property that uV’u-! C V for we Ky. 


Select a real-valued function geC.*(G@) such that g = 0, f g(r)dx=1 
and outside Then if 


f(z) = J g(ucu)du (xe) 
Ko 


it is obvious that feC,.*(G), f=—0, f(x)dz=1 and f—0 outside JV. 


Moreover since K = K,Z, one proves easily that f(ur) =f(ru) (ue K, re). 
Therefore Egr(f) =7(f) and 


Hence +(f)y+0 and so it follows from Lemma 3 of [5(c)] that 7(f) Lay 
= Hgr(f)~~0 for some DeQs. This proves that Loy ~0. 


CoroLuaRy. Let x’ be another quasi-simple irreducible representation 
of G on a Banach space §’ and let wy’ ~0 be an element in §. Suppose 
=0 whenever r(f) =0 (feC.(G)). Then and are infin- 
tesimally equivalent. 


Let » be the central character of z. For any zeZ and feC,(G@), define 
a function .feC.(G@) by =f(z'r) (reG). Then x(.f) =7n(z)x(f) 
and therefore 


(2) (f)W’ (-f)W (fw (zeZ,feC.(G)). 


Since elements of the form w(f)y’ (feC-(@)) are dense in §’, we conclude 
that 7 is also the central character of 7’. 

Now ZCK and therefore, by Schur’s lemma, there exists, for each 
De, a character yy of Z such that o(z) —yng(z)o(1) (zeZ) for any 
representation o in D. Let Q, be the set of all those D for which yy 7. 
Then it is obvious that Q7 U Qz CQ, and if Hy’ is the canonical projection 
of § and $y’. 


f Eg r(u)du, 


) Eq (u (uw) du 
e Ko 


re 
568 
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for all DeQ, (see [5(c), p. 249]). Now, by the above lemma, we can choose 
D,eQx such that Then 7’ (f) ~0 for some feC,(G). This 
implies that and therefore 40. Hence Eg, 40 
and so Doe Qx Let v and v be the corresponding representations of 
L(Do) on Hg, and Hg,’ respectively. In view of the corollary to Lemma 1, 
it is sufficient to prove that v and v’ are equivalent. But since they are both 
irreducible and finite-dimensional it would be enough to show that they 
have the same kernel. Let Mt be the vernel of v in L(®o). Then it is a 
maximal two-sided ideal in L(Do). If geM, and 
therefore 7’(g) =0. This shows that v’(M)H,/y’ =0. 
Since Ep,’ #0 and vy’ is irreducible, it follows that the kernel of vy’ must 
contain Yt and therefore coincide with it. This completes the proof. 

Let Z) be a fixed subgroup of Z such that Z/Z, is finite and let r— 2* 
denote the natural mapping of G and G* =G/Z,. Suppose is a 
finite set of continuous linear functions on § and wW,: - -,y, are certain 
given elements in §. Put 


Then if the central character of x is unitary, it is obvious that | f(a)| depends 
only on on w*. Let dx* denote the Haar measure on G*. 


LEMMA 3. Assume that the function 
is not identically zero on G. Then if the central character of w is unitary 
and f. | f(x) |?dz* <0, aw is infinitesimally equivalent to an irreducible 
dig repersentation of G on a Hilbert space. 


Let » denote the central character of Then f(#z) =nx(z)f(x) 
(reG,zeZ) and therefore it follows easily from the Peter-Weyl theorem for 
the compact group K/DN Z that 


Ko DeQs Ko 


Since f 40, we can choose D)eOQz such that fp, 40. Then it is clear that 


— p> (a) 


and since 


f f(au) |? du, 
Ko K; 
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it follows that 


f | |? da* = 


Hence if we replace y; by Ly; and f by fg,. our problem is reduced to the 
case when the given elements of § all lie in §g,. ‘Moreover it is obvious 
that without loss of generality we may assume that ¥i,: - -,y, is a base for 
Hg, over the field ( of complex numbers. Since (Do) is irreducible under 
a(L(Qo)) (Corollary to Lemma 1), it follows from Burnside’s Theorem that 


Wx == 1Sj,kSr 


for suitable elements g;e (Qo). (3; is the Kronecker symbol.) Since 
f ~0 we may assume that = ,(7(x)y,) is not identically zero. Then 


and therefore 
where w is some compact subset of G outside which g, is zero. This shows 
that f | f(a) |? dr* <o and since f, 40, our problem is now reduced to 
the case when 
f(x) 


Here a is a continuous linear function on § and ye Hg,. 


Let U’ be the Hilbert space consisting of all measurable functions g on 
such that (1) g(2z) (we G,zeZ) and (2) f | g(x) |?da* <a. 
G* 


We define a representation o’ of G on U’ by (0’(y)g)(@) =g(ary) (a, yeG, 
geU’). It is obvious that f lies in U’. Let U be the smallest closed sub- 
space of U’ containing f which is invariant under o’(G@). We denote by o 
the representation of G defined on U under o’. It is clear that o is unitary. 
We shall now show that x is infinitesimally equivalent to o. 

For any De let Fy denote the corresponding canonical projection in U. 


Also, we denote the operator f g(xr)a(r)dx (geC.(G)) by o(g). Since 


feUg,, it follows that Fg,40 and therefore Moreover 
it is obvious that elements of the form o(g)f (geC.(@)) are dense in U. 
Therefore o(L(Do))f is dense in Now suppose 
(geC.(G)). Then 


the 


Ws 


to 


wt 
-~2 
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=f f f (ry) 9(y)dy 


and therefore o(g)f—=0. Hence if we can prove that o is irreducible (and 
therefore also quasi-simple (see [10(b)])), our assertion would follow from 
the Corollary to Lemma 2. However, in view of the above remarks, we can 
define a linear mapping A of Sy, onto o(L(Do))f such that 


A(r(g)v) =o(9)f (geL(Do)). 


Then dimo(.(2,))f S dim $y, < oo and therefore since o(L(Do) )f is dense 
in Us, =0(L(2.))f. But Sg, is irreducible under and so 
it follows from the existence of A that the same is true for Ug, under o(L(D,)). 
Now suppose V is a closed subspace of U which is invariant under o(G@) and 
let W be the orthogonal complement of V in U. In view of the above 
irreducibility either V or W must contain Ug,. Suppose VD Ug,. Then fe V 
and therefore V =U from the definition of U. Similarly if WD Ug,, W =U. 
This proves that o is an irreducible representation and so our lemma follows. 


CoroLuary.' Let w be an irreducible unitary representation of G on 
a Hilbert space §. Suppose there exist two elements d5>~0, Wo¥O in 


§ such that 
| (do. po) |? <0. 
G* 


Then there exists a positive real number dz such that 


|? 


| (db. w(x) |? dx* = dy" | |? 


for all in §). 


Let V and W = respectively be the subspaces of § consisting of all 
elements of the form x(f)do and x(f)Wo (feC.(@)). Then V and W are 
hoth dense in . Since x is irreducible and unitary, it is quasi-simple [10(b) ] 
and therefore dim <0 (DeQ). But if DeOs, Lgr(f) —r(of) (f C-(G)) 
and hence HyV C V. V being dense in §, it follows that EyV is dense in 
and therefore This shows that C V. Similarly 
W. 

If f,geC.(G), 


(7 (f) Yo) = ff f(y) (os Wo) (2) dydz 


1 See Godement [4(b) ]. 
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and therefore it is obvious that 


for ge V and we W. Hence without loss of generality we may assume that 
do, WoO Hp, for some Let be any element in V. Put 
fo(x) = (¢,2(x)Wo) (we G) and define U’ and o’ as in the proof of Lemma 3. 
Let U» be the smallest closed subspace of U’ containing f¢ which is invariant 
under o’(G) and let og denote the corresponding representation of G on U4. 
Then as we have seen during the proof of Lemma 3, og is irreducible and 
quasi-simple. Also it is obvious that og(h)fg (heC.(@)) is the function 
(we G@). Therefore it follows from the Corollary to 
Lemma 2 that 7 and og are infinitesimally equivalent. Since they are both 
unitary they are equivalent [5(b), Theorem 8] and so there exists a unitary 
mapping By of § onto such that Bor(r) (xe G@). Moreover 
in view of what we have said above, there exists a linear mapping Ag of W 


into U¢ such that 
Agr(h) fe (he C,(G)). 


Put Co—Bg'Ag. Then C¢ is a linear mapping of W into § and r(h)C4 
=Cgr(h) (he C,.(G@)). This holds in particular if he L(D) and 
therefore Cg maps §g into itself. Now if we apply Schur’s lemma to the 
finite-dimensional irreducible representation of L(D) on §g, we can con- 
clude from Lemma 1 that Cs must be a scalar multiple of the identity on %y. 
So there exists a complex number cg such that 


| og (h) fo || =|) Agr (h) yo || =| | || Bow(h) || =| co | | yo | 


if he Lz. (Here || || denotes the norm in U¢.) But since 


for all We So. If 6=—0, we put cs —0 so that the above relation continues 
to hold in that case as well. Now suppose ¢,y lie in $C VM W. Then 


it follows that 


and therefore 
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Hence we can find a real number c¢ such that | cg |?—=c|¢|? for ge Ho and 


therefore 


Since $, is dense in §, it is obvious that ¢ is positive and an elementary 
argument shows that the above relation continues to hold for all ¢,pye9. 
Now if we put dtc"! we get the assertion of the Corollary. 


3. The Schur orthogonality relations. 


Derinition. Let w be an irreducible unitary representation of G on a 
Hilbert space §. We say that wr is square-integrable, if there exist two 


elements 40, in such that 


| (dos Yo) |? da* 
G* 


Similarly we say that w is integrable if 


f | (do. Wo) | <2 
G* 


for some nonzero elements do, Yo in . 


It is obvious that the above definitions do not depend on the choice of 
the subgroup Z, so long as Z/Z, is finite. We have seen above (Corollary 


to Lemma 3) that if # is square-integrable 
| (¢, a(x)w) |? dr 
G* 


for all é.we SH. In analogy with the case of compact groups, we shall call 
the number dz (of the Corollary to Lemma 3) the formal degree of rz. 
Naturally dz depends on the choice of Z) and the normalization of the Haar 
measure of G'*. However once these have been fixed, it is obvious that two 
equivalent square-integrable representations have the same formal degree. 


The situation for integrable representations is somewhat similar. 


Lemma 4. Let a be an integrable representation of G on §. Then 


dx* <0 
for all in So. 
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Choose nonzero elements ¢o, W in § such that 


f | (do, Wo) | da* 


Then if g,heC.(G@), it is easy to verify that the function |((g)o, x(x)r(h)y,)| 
is integrable on G*. Let V and W be the set of all elements of the form 
and r(g)%o (geC.(G@)) respectively. Then, as we have seen during 
the proof of the Corollary to Lemma 3, § CVMW and therefore our 
assertion follows. 

Let ~ and ~’ be two square-integrable representations of G on the 
Hilbert spaces § and §’ respectively. Then if their central characters 
coincide on Zp, it is obvious that? (¢,7(x)wW) conj(¢’,7’(x)y’) may be 
regarded as a function of z* on G* (¢,~e93¢',W eH’ ;xreG). 


THEOREM 1 (The Schur orthogonality relations'). If + and x’ are not 
equivalent 


a(x)w)conj(¢’, 7’ (x) y’) dx* = 0 


for all ¢,~we§ and ¢’,W’e’. On the other hand tf the two representations 
are equivalent under a unitary mapping U of § onto §&’, 


m(x)y)conj ($’, x’ (x)y’) dx* = dx* (Ud, $’) (y’, Up) 
(¢,¥e$3;¢' ye’) where dx is the formal degree of x. 


Let dz denote the formal degree of 7’. Then it is obvious from the 
Corollary to Lemma 3 that 


Therefore for any given ¢eH and ¢’e’, there exists a bounded linear 


operator A from § to §’ such that 


for all ye’ and ye. It follows immediately from this relation that 
(y’, = Ay) (re) 


and therefore Ax(xr) =7’(x)A. In order to prove the first statement of the 


2 conj c denotes the conjugate of a complex number c. 
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theorem it would be enough to show that if A540, a and 7’ are equivalent. 
So let us suppose A0. Choose y in § such that Ay0. Then if 
heO,(G@) it is clear that 


An (h dy =n (h) Ay 


and therefore from the Corollary to Lemma 2, 7 and 


, 


are infinitesimally 
equivalent. But since they are both unitary this implies that they are 
equivalent [5(b), Theorem 8]. 

In order to prove the second statement we may assume that 7’ = since 


(a) y’) = x(x) Uy’) 


in the general case. Hence if we keep to the above notation, A is now a 
bounded linear operator on §, which commutes with w(x) (eG). Since x 


' is irreducible, A must be a scalar multiple of the identity. Hence 


f (¢, m(x)y)conj (¢’, a(x)y’)dx* 


where cg,g is a complex number depending only on ¢ and ¢’. But obviously 


and therefore 


Choose = = ~ 0 and put c= (Wo, Wo) /| Wo |. Then for 
all #’,¢e. In particular if we put 6=¢’=—=y—y—yY we find that 
c=<d,, Thus the theorem is proved. 


4. The character of a square-integrable representation. Let C,°(G) 
denote, as before, the subspace of C,(G@) consisting of those functions which 
are indefinitely differentiable everywhere. For we put 
(yeG) where x is any element in G whose image in G* is a*, 


THEOREM 2. Let w be a square-integrable representation of G on a 
Hilbert space and let Tx denote the character [5(c)] of x. Then if feC.°(G), 


Ta(f)—de f f(y") 
where @ is any unit vector in § and dz is the formal degree of 7. 


Let Q denote the operator f, f(y)r(y)dy. We know [5(c), p. 243] that 
JG 
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there exists a complete orthonormal set {Yj}jey in § such that S | Qy| <a 


where Qi; = (Wi, Oyj). Moreover (xe G) depends only on 
and so we may denote it by Q**. Then 


Q?"$) (r(x) ¢, (x) —2 Wi) (Yi, Qx(x)¢) 
(x(x), Wi) Qiu (Ys 
But if we make use ‘of the Schwartz inequality and the Schur orthogonality 
relations, we get 
= | (r(x). Yi) (Ws, | 
4.j 
inj Gt 
— det Qu <0 
and therefore by Lebegue’s Theorem the above series for (¢,Q*"¢) may be 
integrated over G* term by term. Hence 
7* 


dy" SpQ = dr" Tx(f). 
But 


and so the theorem is proved. 


It should be noticed that, in general. the double integral in the above 
theorem is not absolutely convergent and therefore the order of the two 


integrations cannot be interchanged. 


5. The discrete part of the Plancherel measure. We shall assume in 
this section that Z is finite and Z,—{1}. Let € denote the set of all 
equivalence classes of irreducible unitary representations of G. We consider 
the Hilbert space L.(G@) consisting of all complex-valued functions on & 
which are square-integrable with respect to the Haar measure. Let denote 
the left regular representation of G on L.(G@) defined by 


(A(x) f) (y) =f (ry) (z.yeG;feL.(G@)). 


lity 


ave 
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Then A is unitary. We say that a class we€ is discrete if there exists a 
closed subspace §~0 of L.(G@) which is invariant and irreducible under 
A(G) and such that the corresponding representation of G on § lies in wo. 
It is known (see Godemont [4(a), Theorem 1]) that o is discrete if and 
only if every representation in » is square-integrable. Let €, denote the 
set of all discrete classes in €. If we€ , we denote by d, the formal degree 


of any representation in o. 


For any we€, let 7’, denote the character [5(c)] of any representation 
in wo. Then it is known (see Segal [10(b)], Mautner [8] and [5(b), 
Theorem 7]) that there exists a unique positive measure » on € such that 


G 


where f(z) =conjf(z*) (weG@). We shall call » the Plancherel measure 


on €. First we prove the following simple lemma. 


LemMMA 5. single point wo in E is p-measurable. 


For any feC,.(G@) put f de. Then under this norm 
G 


('.(G@) becomes a separable metric space. Let a» be a representation in w» 
and let denotes the set of all feC.(G@) such that Then 
W., is also separable under the above metric and so we can select a sequence 


in which is dense in Put Fr(wo) = Te Gn) (we €). 
Then F,.F..- - - are all measurable functions on € and it follows from the 


Corollary to Lemma 2 that o, is the only point in € where they vanish 
simultaneously. From this the lemma follows immediately. 


Our main object in this section is to prove the following theorem. 
THEOREM 3. If wo ts a discrete class, p(w) = da. 


Define zo, Mt, and {Gn} no1 as above and let y be a nonzero vector in 
the representation space of Put g(x) = Wo). Then since wy 
is discrete, ge L.(G@). We first need the following lemma. 


LemMa 6. There exists a sequence 91,92, :: m C,(G) and a subset 
€’ of E satisfying the following conditions: 


(1) The complement of €’ in € is of p-measure zero. 


(2) Limg,—g in L.(@). 
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(3) For every we€, LimT. (Gn*gn) exists and ts finite and? 


n> o 


Lim (%m* Gn)” *(@*Gn)) for every 


Since C,(G) is dense in L2.(G@) we can choose a sequence {hy,h2,- - -} 
in C.(@) such that in L2(G). Then 


Tu hin) dp = || hn |? > |g |)? 


where || || denotes the norm in L.(G@). Therefore by the Riesz-Fischer 
Theorem, there exists a subset €)’C € and a subsequence {hy} of {hy} 
such that* (1) E—€,’ is of w-measure zero and (2) LimT (h,©~ *h,) 


n?>o 
exists and is finite for every we &’. Now for each integer r=0 we shall 
define a subsequence {hy} of {hn} and a subset €,’ C €,’ such that (1) 
€—E€,’ is of p-measure zero and (2) Lim T4((@m* ha)” * (am * =0 
n> 


for we€, and 1=ms<r. This has already been done for r—0. So 
assuming that {h,”} and €,’ have been defined, we proceed to define 
{ha} and by induction. Suppose Then Ty (hy~ * hy) 
converges to a finite limit and therefore if reo, r(hy™) converges with 
respect to the Hilbert-Schmidt (H.S.) norm to a bounded operator Az. Now 
put hy’ = Then and since is a 
bounded operator, it is obvious that +(h,’) also converges to r(@,41)Ax in the 
H.S. norm. On the other hand since || —g || 0, * hn 
in L2(G). But 


(Grr * 9) (©) = Yo, To (S11) Yo) 0 (xe G@) 


because Mt.,. Therefore hn“? in L.(G@) and so 


Ts ( Rin”) ~ * )du—> 0 


as n—>co. Hence by the Riesz-Fischer Theorem we can select a subsequence 
{hn} of {hx} and a subset €,,, C € such that (1) E—€,,, is of p- 
measure zero and (2) if we €,41, 

n> 
Now put €,,,’=€,/N €,.,.. Then €,,, and {h,} satisfy all the required 

conditions. Hence if we take €’=[)€,’ and g,—h, we get the assertion 


r=1 


of the lemma. 


* We write f~ instead of f (feC.(G@)) whenever it is convenient to do so. 
*€—€,' is the complement of €,’ in &. 


— 
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Let us now come to the proof of the theorem. Let w be a class in €’ 
and w a representation in w. Since T.(Gn* gn) is convergent, the operators 
(gn) converge to a limit in the H.S. norm. Let As denote this limit. 
Since +(a,) is a bounded operator gn) also converges 
to r(%,)Aw in the H.S. norm. However 

Lim (4, * gn)” * * gn) ) =0 


n-> 00 
and therefore r(%,)Ar—=0 (r21). Now suppose ww. Then if y lies 
in the representation space of 7, 7(a,)Asy—0. Since w and zp are not equiva- 
lent (and therefore also not infinitesimally equivalent [5(b), Theorem 8]), 
it follows from the Corollary to Lemma 2 that Ary —0. This being true for 
every ¥, Ar—=0. But r(g,) tends to Az in the H.S. norm and so this 
shows that 
Lim * Jn) = 0. 


n> 


On the other hand g,—g in L.(G) and therefore 


|? —Lim Jn) dp. 


From this it follows that w,e€’. For otherwise, in view of what we have 
just said, Lim gn) = 0 for all we and since €—€’ is of u-measure 


zero we would have 

|? =Lim T's(Gn* gn) dp —=0. 
But this is false since g is continuous and g(1) =| y|*+40. Therefore 
we€’ and so T',(Gn* gn) tends to a finite limit. This shows that 


lg |? = Lim J To(Gn* Gn) dp= Lim T4(Gn* Gn) dp 
n—> 0 €’ 
= p(wo) Lim Ta,(Gn* 
n> 
Now let® be a complete orthonormal set in the representation 


space § of Then if A,—-7o(gn), 


Since z, is square-integrable it follows that 


Lim (Wi, = f 9(X) (Yi, x) Wi) dx = (Wi, - 


*It is not difficult to see that § is separable. 
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But we have seen above that A, converges in the H.S. norm and so its limit 
must be m(g). This proves that 

Lim * = Ta (G * 9) 


and therefore 
|g |? =p(o0) Ta (9 * 9). 


But 
(Yi, = f Yo, Yo) (Wi, ys) dx 
= (Yo, (Ye 
Hence 
* 9) | (Wis |? = dey * | (os (Wis Wo) |? = | Wo 


On the other hand 


day | yo 


| g |? = | Wo, Wo) 
and therefore p(wo) = 


CoroLLaRyY 1. Let x be a square-integrable representation of G. Then 
if feC.(G), 
* dx 


If f 


where || A || denotes the H.S. norm of an operator A. 


f f(x) To(7*f)dp= p(w) Ta(7*f) if ws is the class 
of But =dr and 
J 
Hence the result 
CoroLuaRY 2. A class we € is discrete if and only if p(wo)> 9. 


We have seen that if ) is discrete p(wo) dy, is positive. Conversely 
suppose p(w.) is positive. Let + be a representation in ») and ¢ a unit 
vector in the representation space of z. Then if feC,(@), 


On the other hand 


| 

| 
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Therefore 


7(f)¢) 


Let L,(G@) denote, as usual, the space of all functions which are integrable 
on G. Then if L=L,(@G)NL.(G@), it follows from the above inequality 
that 


(geL) 


| (¢,7(g) 


where r(g) = f g(x)xr(x)dzx. U being any compact neighborhood of 1 in 


G, we now define a function gyeL as follows. = (7(x)¢,¢) if re U 
and gy(z) =0 otherwise. Then 


and therefore 
J, | (¢, 


| 
cup f («)¢) 


dx p(w). 


Hence 


dz < p(w). 


This proves that + is square-integrable and therefore w, is discrete. 


Part II. 


6. Some algebraic results. We shall now study in detail certain special 
representations which have been constructed in another paper [5(f)| and 
prove that, under suitable conditions, they are square-integrable or even 
integrable. Later (in Sections 9 and 10) we shall also obtain a formula for 
the formal degree of these representations. 

Let §) be a maximal abelian subalgebra of f,. In accordance with the 
assumption of [5(e), (f)] we shall suppose that hy is also maximal abelian 
in Qo. From now on we use the notation and the terminology of [5(e),§3| 
without further comment. Then § is a Cartan subalgebra of g. Suppose 
an order has been introduced once for all in the space %r of real linear 
functions on § (see [5(e),§2]) and P is the set of all positive roots of g 
(with respect to h) in this order. We shall further assume that every non- 
compact root is totally positive. Since we are now interested primarily in 
unitary representations, this assumption is justified in view of Corollary 1 
to Lemma 19 of [5(e) ]. 


| 
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Let £ be a subalgebra of g. Suppose there exists a set Q of totally positive 
roots such that 


At4- (0x, 4+-CYX.,) 
veQ 


and let B be the lowest root in QY. Then Xg, X_g and therefore also 
Hg =[Xp,X-g] are in[. Let [g denote the centralizer of CHg + CXg + CX_, 
in [. It is obvious that [g is invariant under @ and therefore 


py. 


LEMMA 7. C(X¥g+A_¢) +[gNp ts exactly the set of all elements 
in {Ap which commute with Xg+ 


Let Y’ be the set of all roots in Q other than 8. Then if Xe[N p, 


= + c-p'X_p + + 
ve 


where cg’, Cg’, Cy, Cy are complex numbers. Now 


g=) (CX5 + CXs) 


where the sum is direct. Hence it is clear that the component of 
[X,X¥g+X_g] in is (cg’—c g’)Hg. So if X commutes with Xg + 
cp’ and therefore 
VY = > (c,X,+ ¢,X-,) 

also commutes with (Xg-+ 1_g). In order to prove the lemma it is enough 
to show that Yelg. Let us suppose then that this is false. Define cs —0 
for any root § for which neither 6 nor —8 is in Q’. Then it is obvious that 
there exists roots § such that (1) cs40 and (2) Xsf¢Ig, for otherwise Y 
would lie in Ig. Let 8 be the highest such root. Since [Y,Xg-+ X_s] —0, 
it follows that 65+ 8 is not a root. However X5,¢1g and so 6,— £8 must be 
a root. The coefficient of Ys,g in [Y,Xg] (with respect to the above decom- 
position of g as a direct sum) is then clearly different from zero. This 
means that 6,—8—y-+ 8 where y is some root with cy~0. Hence 
y =5)— 28 is a root and X5,.gel. Since 8 and 8 are both noncompact, 
%*=§,— is compact. Moreover being totally positive, and 
28 — 8 = are also totally positive (Lemma 12 of [5(e)]) and = 
Vp-a = X2g-5, are both in [. Therefore a and B—za are in Q. This 
however is impossible since 8 is the lowest root in Q and so the lemma is proved. 


082 
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Let Qg be the set of all yeQ such that yf and neither y+ nor 

,—8 is a root. Then it is obvious that 
(CX,+ CHX_,). 

Therefore [g satisfies the same condition as the one imposed above on [. 
Now we shall define a sequence D gz D - of subalgebras of g 
such that each gq, satisfies this condition. The inductive definition is as 
follows. If g- C f. Grui=— Gr. Otherwise let B be the lowest totally positive 
root such that Ygeg,. Then g,,, is the centralizer of CHg+CXg+CX_¢ 
in gr. It is obvious that dim g,,, < dimg, unless g, C f and therefore g, C f 
if r is sufficiently large. Let s = 0 be the least integer such that gs: C £ and 
let y, be the lowest totally positive root such that XY,,eg, (1SrSs). One 
proves easily by induction on r that if X,eg, for some root a then Aue 


also in G,. 


LEMMA 8 yty; (1Si<jSs) is never a root or zero and the 
elements (X.,, + X_,,) t=1,2,: span a maximal abelian subspace of 
p over 

If i<j. Gis: D gj and therefore g; commutes with X,, and XY_,,. Hence 
yity; is not a root or zero. Let ay be the subspace of p spanned by 
(Y,,+X-,,) t=1,2,--+-,s. Then ay is obviously abelian. Let X be 
an element in » which commutes with ay. We have to show that Xe ay. 
Suppose this is false. Then it is obvious that Y¢£-+ ay. Since ges C f, 
we can choose r (1SrSs) such that XYeg-+ ay but ay. Let 
Y=Y+Z (Yeq,.Zeay). Since X commutes with X,,-+ X_,,, the same 
holds for Y. Also Y=X—Zeg,N p. Therefore we conclude from Lemma 
+ that 

Y=c(Xy,+X4,) +¥1 


Where and ceC. Then lies in ay 
and so 


Since this contradicts the definition of r, the lemma follows. 


8 
CoroLuaRy. Let ay,= R(X,,+ X_y,). Then ay, = Po NM a, and there- 
4=1 
fore it is a maximal abelian subspace of }o. 


We know that 6(Y.,) =— X_, for any root y (see [5(e,§4]. There is 
a small mistake on p. 757 of [5(e)]. In line 22 6 should be replaced by 


+ 
= 
> 
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which is the conjugation of g with respect to go.). Hence X.,, + X_,, € po. 
Moreover if 


8 
X = + Po (eC), 
4=1 
X =—6(X) and therefore qe R. 


We now need some simple facts about a three dimensional Lie algebra. 


Lemma 9. Let { be the Lie algebra of dimension 3 spanned over CU by 
the elements H,X, Y satisfying the following relations: 


[X,Y]=H, [H,X]=2x¥,. [H,Y]=—2Y. 
Let v denote the automorphism of 1 given by 
v(Z) =exp ;ad(X —Y))Z (Zel). 


Then v(H) =—(X+ Y), Y) =A, o(X—YV) =X—Y. Moreover 
if L is any complex analytic group with the Lie algebra I, 


exp + Y) =exp (zY) exp (log(cosh t)H)expzX¥  (teC,cosht~0) 
where® z=—tanht. 


It is well known that [ is isomorphic to the Lie algebra of the group 
of all 22 complex matrices with determinant 1. Since this group is 
simply connected, it is enough to prove the above relations in it. Therefore 
we may identify Y, Y, H with matrices as follows: 


(0 1 (0 0 1 0 
r=() H—(,_ 4). 


The required relations are now verified by a simple calculation. 
Let P, be all the totally positive roots of g. Then yweP, 1S1Ss. 
8 
Consider the automorphism y of g given by v—expzad( > (X,,—X_-,)). 


j=1 
It follows from Lemmas 8 and 9 that »(X,, + X_,,) =H,, and therefore 


& 
v(ay) => CH,,. This shows that and therefore also (1SiSs) are 
i=1 


*Our result is valid with any determination of the logarithm. But for the sake 
of definiteness let us make the following convention. Choose a fixed square root of —1 
in © and denote it by (—1)#. Then if 2 is a non-zero complex number 
log = log | z| + (— 
where log|z| and @ are real and 0<¢< 2m. Hence in particular if 2 is real and 
positive log z is real. 
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linearly independent. Let a; be the orthogonal complement of v (ay) in 5 
with respect to the positive definition Hermitian form—B(6(X),X) (Xeq, 
see [5(e), §4]). Since 6(H,) =—H, for every root y, it is obvious that 
B(H,,,H) =0 and therefore y(H)=—0 1SiSs if Hea. This means 
that Y,,—X_y, 1 Sis commute with H and therefore v(H) =H (Heaq;). 
Hence if a=ay+a;, v(a) =v(ay) +a;—5. As v is an automorphism, it 
follows that a is a Cartan subalgebra of g. 

Let a, B be two roots of g and let kh, k’ be the largest nonnegative integers 
such that B—ka and B+k’a are roots. Then it is known (see Weyl 
(11(b)]) that @(H,) =k—F’ and B+ ra is a root or zero for an integer r 
if and only if —kSrsk’ Moreover if s, is the Weyl reflexion corre- 
sponding to a, + k’a) = 8—ka. These facts should be constantly borne 
in mind during the following discussion. 


Lemma 10. Jf y,8eP,, y(Hs) 20. 


For y-+ 8 is not a root (Lemma 11 of [5(e)]) and obviously it is not 
zero. Hence y(Hs) 20. 


LemMA 11. Let a be any root such that Hygea. Then «a 1s compact 
and (1SiSs) can never be a root. 


Without loss of generality we may assume that «>0. If a@ is not 
compact, it must be totally positive and therefore «+ y; is not a root 
[5(e), Lemma 11]. Since H,ea,, y:(Ha) =0 and so it follows that y,—« 
also cannot be a root or zero. Hence X, commutes with Y,,, X_y, 1SiSs. 
This however is impossible since ay is maximal abelian in p. So a must be 
compact. 

Now consider the sequence gg, g2 introduced above. We 
shall prove that Y,eg, for every r. For otherwise choose the least r= 0 
such that Yafgrii. Since g,.—g, r21 and XY,eg,. In view of the fact 
that Yef#Gri1, it is clear that either y,+« or y-—a is a root. But y, is 
the lowest totally positive root y such that X,eg,. Since X¥,eg,, X-a also 
a were a root, Y,,,. would also lie in g,. Since « is 
compact and positive, y-—« is also totally positive and y-—a<y,. As this 
contradicts the definition of y,, we conclude that y,— is not a root and 
therefore y,-+- a is a root. But this implies that y,(H,) <0 which, in its 
turn, contradicts the fact y-(H) —0 for all Hea;y. Hence the lemma. 


lies in g, and so if y, 


LemMA 12. Let be a root. Then for any i (1SiSs), and 
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We may assume 2>0. If a is noncompact y+ 2 cannot be a root 
[5(e), Lemma 11]. So we may assume that a is compact. Suppose then 
that for some i, y; + @ are both roots. Then they are both totally positive 


and hence from Lemma 10, 
yi( Hs) + 2(Hs) 20 


for every Se P, (jt). Then it follows from Lemma 8 that y;(H,,) =0 
and therefore + a(H,,) =0. This means that «(H,,) =0. On the other 
hand y; + «, yi, yi— are all roots and therefore it follows from Lemma 15 
of [5(e)] that y;+ 2a and y;— 2a are not roots. Hence y;(Ha) But 
this implies that «(H,,) =0 and therefore «(H,,)=0 1SjSs. This 
however means that H,e¢ a, and so we get a contradiction with Lemma 11. 


Let A and yw be two linear functions on §. We write A~p if A—p 
vanishes identically on v(ay) = > CH,,. 


15i58 

Lemma 13. Let a be a positive compact root. Then there are only 
the following three mutually exclusive possibilities: 

(1) and therefore and (1SiSs) ts never a root. 

(2) There exists a unique index t (1Sisss) such that a+ 4yi~0. 

(3) There exists two unique indices 1, (1 Si<jss) such that 

Since the first case is covered by Lemma 11, we may assume that Hg # a. 
Then «(H.,,) 40 for some i and therefore Yg#Qs.1.. Let i be the least 
index (1SiSs) such that Y,¢g;. Since 2 is positive, y,+ a is a root 


while y;—« is not (see the proof of Lemma 11). Now suppose y;-+ ea is a 
root for some 7 (lSjSs,e=+1). If ji we claim e——1. For other- 
wise suppose y;-++ a is a root. Then it follows from Lemmas 9 and 10 that 
a(H,,) =y;(H,,) +«(H,,) 20. On the other hand since y;-+ @ is a root 
while y;—« is not, it is clear that y;(H,) <0 and therefore a(H,,) <0. 
As this conflicts with our conclusion above, e=-—1. So we have two cases. 
Either (1) y;-+ 2 is never a root for 74% or (2) y;—~ is a root for some 
jt. 

In the first case «(H,,) =0 for all jit. Moreover a, a+ y; are roots 
while 2—-+; is not. Since y; and «+ y; are both totally positive a + 2y; 
is not a root [5(e), Lemma 11]. Hence a(H,,) =—1. This shows that 
a(/T,,) + dyi(H,,) =0 for all j (1SjSs) and therefore a+ 

Now consider the second case. Let j be the least index such that 


yj— isa root. Then and in view of our definition of i, j >i. Ift 
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is any index (1S ks) other than 1, j we claim y, + a cannot be a root. 
We have already seen this for y, +. So suppose y,—a is a root. Then 
yx(Hy,) 20 (Lemma 10) and therefore --a(H,,) 20 (Lemma 
¥j =— (yj —%) are roots while «+ y; is not. 


8). On the other hand a, 2 
Therefore z(//,,) > 0 giving a contradiction. This proves that y, + are 
never roots (/=>4i.j). Moreover as we have seen above, a, 2-++ y; are roots 
while and a+ 2y; are not and therefore «(H,,) =—1. Similarly 
since 4, «—vy; are roots while a+ y;, «+ 2y; are not, «(H,,)=1. Finally 
a(H.,,) =0 (ki,j) in view of our result above. Hence it is clear that 
a(H.,,) = dy;(1,,) —dyi(Hy,) and therefore «~}(y;—yi). 
Moreover since (1 vanish identically on ag, it is clear that their 
restriction on v(q@)) are linearly independent. The uniqueness of the indices 
i and j in the second and third cases of our lemma and the mutual exclu- 
siveness of the three possibilities are therefore obvious. 

For any index ¢ (1StSs) let C; denote the set of all compact roots 
a such that a+ dy;~0. Similarly let P; denote the set of all totally positive 
roots y for which y~ dy; If aeC;, it follows from Lemma 13 that — 
cannot, be positive. This shows that C; consists of positive roots. 


LemMA 14. 2—y, +a (aeC;) is a one-one mapping of C, onto P; 
8). 


For any root B let sg denote the Weyl! reflexion corresponding to B. Now 
if ae Jy; and therefore «(Hy,) Hence yi 
=a-+y; and so y;-+ @ is a root which is obviously in P;. Conversely if ye Pi, 

y—vyi is a root. But as 
yi must be compact. Moreover 


y~ sy: and therefore y(H,,) =1. Hence s,,7 


y and are both noncompact, 


a+ Jy;—=y—yi~O0 and therefore «eC; Since it is obvious from its 
definition that the mapping is one-one, the lemma is proved. 

For any given pair of indices 1, 7 (1LSi<jsSs), let Cy denote the 
set of all compact roots « such that «~4(y;—yi). Similarly let Pi; denote 
the set of all yeP, such that y~$(y;+y:). Again we conclude from 


Lemma 13 that every root in Cj; is positive. 
LeMMA 15. (aeCi;) is a one-one mapping of Ci; onto Pi. 


Let ae Cj; Then a~4(y;—y:i) and therefore «(H,,) =—-1. Hence 


vi 


Sy, %=a-+t+y, and so it is clear that y,+aeP;. Conversely if ye Pi, 


yis=a (say). Then @ is compact 


and am yi). 
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Let Cy be the set of all positive roots « such that a~0. We know 
(Lemma 11) that every root in Cy is compact. 


Lemma 16. Let Py denote the set (y1,y2,° ys). Then P ts the 
disjoint union of Co, Ci, Ci, Po, Pi, Py (I<t<j<s). 


Since y:,: - *,ys are linearly independent on v(ay), it is obvious that 
these sets are all disjoint. Let Q be their union. Then if y is any positive 
root, we have to show that ye Q. If y is compact, this follows from Lemma 
13. So now suppose yeP,. Since gs. C f, we can choose an index i 
(1SitsSs) such thatXY,eg; but Moreover since ye Po CQ, we 
may assume that yy; Then it follows from the definition of y; that 
y> yi As both y and y; are in P,, y+ y; is not a root [5(e), Lemma 11]. 
Therefore since X1# yi must be a root which is then obviously 
compact and positive. Therefore we can apply Lemma 13 to 2. Since 
y=yita is a root, a¢C, (Lemma 11). Hence either «~—}y; or 
a—~4(y,—y;) for some 7 or (k,j) (1Sj7<ksSs). In the first case 
y~yi—4y and so’ y(H,,) =28;—1. But we know from Lemma 1), 
that y(H,,) 20. Therefore y~3yi and ye P;. In the second case 
and y(H,,) =8;—1 since Therefore again in 
view of the fact that y(H,,) =0, we conclude that 1=j and hence ye Pjx. 
This shows that ye Q and therefore Q =P. 


Lemma 17. “Let 2, B be two roots such that a=43(y;—yi) and 
B=4(ye—yi) Then they are both compact if 
18 root. 


Consider the scalar product <a, B> (see [5(e), §2]). Since k Ai, it 
follows from Lemma 8 that <a, B> =—+4}<yj;,y) <0. Hence a«(Hg) <0 
and therefore «+ 8 is a root. The compactness of a and @ is an immediate 


consequence of Lemma 16. 

Let us say that yi<y; (1S%.j Ss) if $(y;—yi) is a positive root. 
The above lemma shows that this relation is transitive and therefore it 
defines a partial order in the set Py. It is obvious from the definition of yj 
that yi< y; if i<j. Hence y; implies i <j. 

Let r; and rj; be the number of roots in C; and Cy (1S1<jSs) 
respectively. Then it follows from Lemmas 14 and 15 that these are also 
the number of roots in P; and Pj; respectively. Put 29,— } B. Then we 


have the following result. ae 


7§,; = 1 or 0 according as i= j or not. 
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LeMMA 18. 29,(Hy,)=2+n+ 3 ryt (18488). 
is 


i<jSs 
Let Q; be the union of Pi, and Py (1Sj <1). Put 
D Then since y;(Hy,) = 28;, it is obvious that 
yeQ 
i<jSs 
Also if y is a totally positive root which does not lie in Qj, it follows from 
Lemma 16 that y(H,,) unless Therefore since = 2, 


2p:(Hy,) =2 + 2pi(Hy,) 
and this gives the result. 


LEMMA 19. 7; (1Si<jSs) ts even if and only tf $(y;—yi) ts not 


a root. 


Let denote the automorphism of g. Since =a and —v(a), 
it follows that @(h) =. Therefore if « is a root the linear function 
H—>a(@’H) (Heh) is also a root. We denote it by #a. It is clear that 
if Hev(ay) and if Hea. Hence unless « 
vanishes identically on ap Now suppose «eCy (1lSt<jss). Then 
a~4(y;—y:) and therefore it is obvious that #a~—4(y;—yi). In 
view of Lemma 16, this implies that —6’aeC;;. Hence the mapping «— — 6’z 
defines a permutation of order 2 in the set Ci; Moreover a 4— 6a unless 
a= 4(y;—y;:). Therefore if we pair off « and —6’« together, it follows 
immediately that 7; is odd or even according as $(y;—yi) is a root or not. 


7. Digression on a theorem of Cartan. Put 
p, CX, and > CX_,. 
BeP, peP, 

Then p,, p. are abelian subalgebras of g [5(e), Lemma 11] and g is the direct 
sum of f, p, and p_. Let G, denote the simply connected complex Lie group 
with the Lie algebra g and let $%.*, K., B- be its analytic subgroups corre- 
sponding to p,. f, p_ respectively. Also let G., Ky be the real analytic sub- 
groups of (, corresponding to go, respectively. Then (q,k, p) qkp 
(qeP.,keKk,.peP*) is a one-one regular holomorphic mapping of the 
complex manifold 8. K. X $,* into G, and G, is contained in 
[5(f), Lemmas 4 and 5]. 


& 
Lemma 20. Let X¥=Dt(X,,+X_,,) (teC). Then 


exp X = exp Y exp H expZ 


589 
e 
e 
] 
t 
e 
t 
) 
0 


590 HARISH-CHANDRA. 


in where ® 


8 


Y = > (tanh X4, Z => (tanh ¢;) X; H => log (cosh 
i=1 


i=1 i= 


provided cosht;s 40 1SisSs. 


This follows immediately from Lemmas 8 and 9. 

Now if we put (Y, Y) =— B(6(X),Y) and || X || = (X, Y eg), 
q becomes a finite-dimensional Hilbert space. Moreover since adX is nilpotent 
for Xep_, it is easy to see that Y—expX (Xep_) is a one-one regular 
holomorphic mapping of p_ onto Let gq—>logg denote its 
inverse. For reG@, let £(x) denote the unique element in §f, such that 
rel(r)K$.*. Then we have the following result. 

LEMMA 21. | logg(2x)|| remains bounded as x varies in Gy. 

Let Bo be the set of all elements in G, of the form expX (Xe},). 
Then it is known that G)—K,$, (see Cartan [2(b), p. 17], also Mostow 
[9]). Let z—Ad(z) (zeG,) denote the adjoint representation of G,. 
It follows from the definition of 6 that if ke Ky, Ad(k) is a unitary operator 
on g. Now ay, is a maximal abelian subspace of p, (Lemma 8) and therefore 
Do= UL) Ad(#) ay, (see Lemma 33 and also Gartan [2(a), p. 359]). Hence 

ke 


= K UK, where is the analytic subgroup of G, corresponding to Qy,. 
Moreover since [f,p_] C p_, it is obvious that £(kxk’) k’ K,, 
xe)). Therefore if c—kak’ (k,ke Ko;aeX), 


log Ad(K) (log (a) ) 
and so 

|| log || = || log €(a) 
Now suppose where Y ti(X,,+X4,) (eR). Then from 
Lemma 26, 

log £(a) -> (tanh t;) X_,, 
and therefore 

| logg(a) | SS | 

since | tanht|=1 for real ¢t. Thus 


| log g(a) | SS | 


for all xe G, and so the lemma is proved. 


om 
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This result has the following significance in relation to the theory of 
bounded symmetric homogeneous domains of E. Cartan [2(c)]. We know 
that is open in and GoN(K Pe.) Ko (see [5(f), §2]). 
Since is a group and 1 (K.$,*) = {1}, we can identify with 
the factor space In this way Go/Ko = (GoK +) /KBe* 
becomes an open submanifold of $8. The above lemma then shows that 
this submanifold is equivalent to a bounded domain in the complex Euclidean 
space p.. This fact had previously been verified by Cartan [2(c)] by using 
the classification of all real simple groups and constructing the domain in 
each case separately. 


8. Transformation of certain integrals. Let (—1)4 denote a fixed 
square-root of —1 in C and put u=f,-+ (—1)4po. Then u is a compact 
real form of g (see [5(b), p. 187]). Let ay, denote any (real) maximal 
abelian subspace of py. We denote by ay the complexification of ay, in p. 
Define G,, Go, Ky as in Section 7 and let U, M, M* and Wf, be the (real) 
analytic subgroups of G, corresponding to u, (—1) and ay respectively. 
Then Ky, U and %* are compact (see §12 and [5(f),§2]). Put q=[g, a]. 
It is obvious that Ad(a)q=—q for aeM,. We put 


D(a) = det(Ad(a) — Ad(a*) )q (ae %,) 


where (.\d(a) —Ad(a-))q is the restriction of Ad(a)—Ad(a) on q. 
Let dx, dk, du, da, da* denote the Haar measures on Go, K, U, and W* 
respectively. We assume that 


J dk — du 1. 
Ko U 


On the other hand da and da* are normalized as follows. The metric on g 
(see Section 7) defines a Euclidean metric on the real vector space ay, which 
is given by || H |? B(H,H) (Heay,). Let dH denote the element of volume 
in ay, corresponding to this Euclidean metric and put e(H) =exp(—1)4H. 
The mappings H-expH and H-e(H) (Heay,) define homomorphisms 
of the additive group ay, onto % and “{* respectively and it is clear that 
these homomorphisms are local isomorphisms. Hence we can normalize the 
Haar measures da and da* in such a way that da—dH =da* (a=expH 
and a*=-e(H), Heay,). 

Let 2’ and %{*’ be the sets of those points a in Mf and %* respectively 
where D(a)=40. Then both Y and %{*’ have only a finite number of 


connected components (see Section 12). Let w and w* respectively denote 


a 
tT 
t 
W 
re 
ce 
Hor 
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qr 


their number. Moreover let C.(G .) be the set of all continuous functions 
on G, which vanish outside a compact set. 


LemMA 22. Let g be a continuous function on U and B,* a connected 


component of M*’. Then 


f. g(u)du | D(a) w* | g(ka*k’) 
U B* KoXKo 


Moreover we can normalize the Haar measure dx on G in such a way that 


for all feC.(G) and every connected component By of MX’. This normaliza- 


tion of dx and the numbers w, w* and | | D(a*) |} da* are independent of 
ate 


the choice of ay,. 


Although the proof of this lemma is not difficult, due to some technical 
complications, it is rather long. Hence in order not to interrupt our main 
argument, we postpone it until Section 12. 

Now we assume that ay,, ay, ay and a are defined as in Section 6 so that 
v(a) =}. Let & be the set of all roots of g with respect to a, which do not 
vanish identically on ay. Then it is obvious that 


| D(exp H)| =| JJ (es — ee) | (H eay). 


Now every linear function A on § defines a linear function X’ on a by the 
rule \’(H) =A(v(H)) (Hea). Moreover since a1 ha; and v(H) =H 
for Hea; A and X’ coincide on aN b. Finally since y is an automorphism 
of g, it is obvious that d’ is a root of g with respect to a if and only if 
is a root with respect to h. Hence if we identify linear functions on with 
those on a under the mapping A— 1’, the two sets of roots coincide. Then 
= is exactly the set of those roots a for which Hafay (in the notation of 
Section 6). Let Q be the set of those roots in P which are not identically 
zero on v(dy). Then it follows from Lemma 16 that Q is the disjoint union 
of Cj, Cy, Po, Pi, Pix (ASSt1<jSs). Moreover it is obvious that 


| D(exp H)|3=| (ee) — | (H 
aeQ 
Now put 
+X) 0). 


4=1 


aed 


Ons 


ted 
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v(H) = and therefore 


=a(v(IL)) = tix(Hy,) 


Then 
i=1 
Since yi(H1,,) = 
a( HT) if 
a(H) =; if 
a(H)=t;+4 if 
Put 


U (C,U 


1SiSs8 


Then in the notation of Section 6, 


(a£Q). 


28; (1St.j Ss) it is obvious (see Section 6) that 


aeCi, 

ae Cy, 

ae P,, 

ae Pi; 


| — | — J] 27: | sinh 


1SiSs 


| (es — e*)|— J] | 4sinh t;cosh ¢; |. 


aePo 


Moreover since 


sinh (¢; sinh (t; + ¢;) = 


it follows that 


| TT (et) —e-e)| — TT] 


1SiSe 


(cosh t;)? — (cosh 


| (cosh — (cosh 


acQs 1Si<jss 
Hence 
| D(exp H) 22(r:+1) | sinh ¢; | | cosh ¢; | 
ris | (cosh t;)* — (cosh 
1Si<j= 
Now suppose cosh#; 40 


and consider the expression 


s and put® ¢/=log(cosh#;). Let 


A(2H’) = [I — 


aeC’ 


where ©” is the set of all positive compact roots which do not vanish 


identically on v(ay). 


It follows from Lemma 16 that C’ is the disjoint 
union of C; and Cy, (1Si<jss). 


Therefore it is clear that 
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A(2H’) {cosh ¢; — (1/cosh ¢;) } T] { (cosh ¢;/cosh t;) — (cosh t;/cosh 
é i<j 
= J] {(sinh ¢;)*"+/(cosh ¢,;)"*} [] {(cosh ¢;)? — (cosh cosh ¢;)"4, 
i i<j 


Hence 


| D(exp | A(2H’)| { II | eosh t; | sinh t; |} 
X II | 4 cosh cosh ¢; 
i<j 


But we know from Lemma 18 that 


m+ z + 2p, (Hi) —2 


i<jSs 1Sj<i 
Therefore 


{ [[ 2?" | cosh ¢; 


II | 4 cosh t; cosh t; Ire 

i<j 
= 276479 | cosh — | cosh 


where p= > 2p.(H,,). Thus we have the following result. 
8 


| D(exp H)|4 = 2? | A(2H’)| TI {| cosh ¢, |?*#79+ | sinh ¢; |} 


We now introduce the partial order in the set Po = (y1,° ys) as described 
at the end of Section 6. Let £,,---,8, be all the (distinct) minimal 
elements in Py under this order. For any 1 (1St=r) consider the set 
o; of all ye P, such that $(y—;) is a root. Then y, y’ are two distinct 
elements of o;, it follows from Lemma 17 that either y<y’ or y’<y. This 
shows that o; is simply ordered. Therefore we may write it in the form 


Bi Bis < Biz Bis,- 


Moreover if 147, oj, oj are disjoint (1S1,jr). For otherwise suppose 
yeoiNa; Then 4(y— fi) and 4(y—;) are both roots and therefore 
again from Lemma 17, 4(8;—£;) is a root. This however is impossible 
since both 8; and 8; are minimal in Py. Thus P, is the disjoint union of 
We put tyet, if 
Let 6 denote the subset of ay, consisting of all elements H —t,H,, +: °° 
+t,H,, R) such that 


O< bi hs, (l1Sisr). 


Similarly let 6* denote the subset of 6b consisting of those H which satisfy 
the additional condition tj,,< 3 (1SiSr). Then we have the following 


result. 


Thy 


t 
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Lemma 23. Put e(X) =exp(—1)§X (Xeq) and 
A(H) = [JI — (Heb). 
aeC’ 


For any H ti(X,,+X-,,) in let H’ denote the element 


H’ = log (cosh t,)Hy, - --+ log (cosh t,) Hy, 
in Similarly for any H= (Xy, +X) in 6*, let H* denote the 


element 
H* = log (cost,)H,,-+: -+ log (cos t,) Hy,. 
Then 
| D(exp H) = 2°4(2H’) TI (cosh ¢;) TJ sinh ¢; (H eb) 


and 


| D(e(H)) = (—1) (2H*) T] (cos)? sint; (He 


If Heb, : >0 (1SisSs) and therefore sinht;>0. Hence in view 
of our earlier result, in this case it is enough to prove that A(2H’) is real 
and positive. But we have already seen that 


A(2H’) =]] {(sinh ¢,)?"*/(cosh ¢;)"*} 
II {(cosh t;)? — (cosh ¢;)?}"4/ (cosh cosh 
i<j 


Since cosh¢ is a positive increasing function of ¢ for t{>0, A(2H’) has 
the same sign as 


n= IT 


1Si<jSs 
yi) is not a root, we know from Lemma 19 that ri; is even. 
On the other hand if $(y;—y:) is a root, yi< y; and therefore, in view of 
the definition of b, ¢;—-t;>0. This shows that A(2H’) 20 and so the 
first assertion of the lemma follows. 
Now we come to the second case when Heb*. Since cosh((—1)4¢) 
=cost and sinh ((—1)4t) = (—1)4sin¢t (te), it follows that 


Now if 4(y; 


A(2H*) =I] (—1)"*{(sin 
X IT {(cos t;)? — (cos t;)?}"1/(cos t; cos 
i<j 


and therefore A(2H*) is real. Moreover since cost is a positive decreasing 
function of ¢ in the interval 0<t<% it follows that A(2H*) has the 
Same sign as 
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where g=>7+ > 1. We have seen above that »=0 on 6 and therefore 
é i<j 


also on 6* and from Lemma 18, 


{2p.(Hy,) —2} — p—2s. 


Hence (—1)¢=(—1)”. On the other hand cos¢ and sin¢ are both positive 
on the interval 0 <¢< 4 and so the second statement of the lemma is an 
immediate consequence of our earlier expression for | D |}. 

Let B and B* be the images in 2% and %{* of b and b* under the mappings 
H—>expH and H—e(H) respectively. 


LemMA 24. BOY’ ts both open and closed in XM’. Similarly B* Nn X* 
is both open and closed in %*’. 

Since 6 and b* are obviously open in ap, and since the mappings 
H—-expH and H-e(H) are regular on ay,, it follows that B and B* 
are open in % and Y%* respectively. Let b and b* respectively denote the 
closures of b and b* in the real Euclidean space ay,. Then b* is compact. 
Since H exp ZH is a topological mapping of ay, onto YW (see Section 12), 
the image expb of b under this mapping is closed in %. Also e(b*) is 
compact and therefore closed in %{*. Hence it is enough to prove that 


- 

Now let R) be a point in b. Then and 

if y.< y;, tit; On the other hand we have seen that 


*ritt | cosh ¢; | 


| D(exp = | sinh ¢; 
v 
[I | (cosh t;)? — (cosh 
i<j 
Hence if D(expH) £0, and if rj >0 (1Si<jss). This 
proves that in this case Heb and therefore (expbh)NW=—BNOwW’. Now 
suppose lies in b*. Then we have the additional conditions 0 = 
(¢—1.---,s). Moreover again we know that 


| D(e(H) ) = | sin ¢; | cos | 
II | (cos t;)? — (cos |ru 
i<j 


and therefore if D(e(H))+~0, 3 and whenever 


nd 


> 0 
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(1<i<jSs). This shows that Heb* in this case and therefore 


Lvery connected component of BOW or B*N A* ts also 
a connected component of YX’ or U*’ respectively. The number of connected 
components of BOY’ is the same as that of BEN M*. 


The first statement is obvious from the above lemma. Now first we 
claim that the mapping H-—e(H) is univalent on 6*. For suppose 
e(H,) =e(H.) (H,,H.eb6*). Then it is obvious that if « is any root in 3, 
a(H,) —«(H.) must be an integral multiple of 27. Hence in particular 
yj(v(H1)) —yj(v(H2)) = (178) where n; is an integer. But since 
H,,H,eb6*, 0 <y;(v(Hi)) t=1,2 and therefore n;x=0 (15)S3). 
This however implies that H,—H,.. Since we already know that the 
mapping H—e(H) of 6* onto B* is open and continuous it follows that 


it is topological. 
Now let o, («€%) denote the hyperplane in ay, consisting of all points 
H such that a(H) 0. Let a’y, denote the complement of [J og in ay,. 


aed 

Then it is obvious that D(expH)~0 (Heay,) if and only if Hea’y,. 
Since the exponential mapping of ay, onto % is topological, BN W’ and 
ba’, have the same number of components. Let 6, be a connected com- 
ponent of bh a’,,. Then it is obvious that every root «eX must keep constant 
sign on by. Therefore since 6 is obviously a convex set, the same holds 
for bo. Moreover if Heb, it is obvious that the half-line consisting of all 
points tH (¢t>0) lies entirely in by. But if ¢ is sufficiently small and 
positive tH eb*. This implies that 6, contains some connected component 
of b* Qa’. Also if H,, H. are two points in b* which both lie in bo, the 
straight line-segment J joining them is also contained in 6). Hence J C a’y,. 
But since 6* is obviously convex, J C 6*Na’y,. This shows that by) cannot 
contain two distinct connected components of 6* a’y, and therefore every 
component of 6M a’y, contains exactly one component of b*Na’y,. Con- 
versely it is obvious that every component of 6* M a’y, is contained in exactly 
one component of 6M a’y,. Hence these two sets have the same number of 
components. 


On the other hand if H => t,(X,, + X_,,) lies in 6*, 
| D(e(H) == 2? | sin | cos | 
i 


x II | (cos t;)? — (cos Irigy, 
i<j 
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Since 0 << t;< 3, D(e(H)) =0 if and only if ¢;— 1; for some pair of indices 
i,j («<j) with r;>0. But clearly this happens if and only if «(H) =0 
for some «eX. Hence D(e(H)) ~0 if and only if Heb*Na’y, and so the 
mapping H—e(H) maps b*/a’y, topologically onto B*N Similarly 
H—-expH (Heb a’y,) maps a’y, topologically onto BN YW’. Therefore 
BOM, bNa’y,, b* N a’y,, B¥ all have the same number of components. 


9. Application to representations of G. Let G be the simply con- 
nected covering group of G, and let K be the analytic subgroup of ¢@ 
corresponding to f,. Define the complex manifold W containing G as in 
[5(£), §3] and the mapping I of G@ into the center c of £ as in [5(f), § 6]. 
Then =T(ur) =T(u) + T(x) (ue K,reG) [5(f), Lemma 13] and 
if \ is a real linear function on § (see [5(e), §2]) A(T'(u)) is pure imaginary 
[5(f), Lemma 23]. Let A be a real linear function on h such that A(H,) 
is a non-negative integer for every positive compact root a. Consider a funda- 
mental system (@,,- of positive roots and suppose that (@1,° 
are all the totally positive roots in this system. Let A, denote the linear 
function on given by =0 1SiSm and A,(Ha,) = A(Hz,) 
m<il. Then we can define (see [5(f), §6]) an irreducible complex 
representation « of G, on a finite-dimensional Hilbert space V such that o 
is unitary on U and its highest weight is Ao. Let ¢o be a unit vector in V 
belonging to the highest weight A, and put Am>A—A>. Then if r>7 
(xe G) denotes the natural mapping of G onto Gp», we consider the function 


Ya(x) = (do, 0(E) go) (eG) 


on G. Since the center of @ lies in K and A is real, | ya(a)| depends only 
on #. We propose to consider the integral (ef. [5(f), §9]) 


| pa(x) |? dz 
Go 


where dé is the Haar measure on Gy. For any ae % let loga denote the 
unique element Heay, such that a=expH. We put (a) (exp’ loga) 
where Y¥ exp’ X (Xeqgo) is the exponential mapping of g, into G. Then 
if we normalize the various Haar measures in accordance with Lemma 2? 
and take into account the fact that A(T'(a@)) is real for ae WM [5(f), Lemma 
23], it follows that 


J a(x) wN> f | D(a)|sda J (do, 0(kak’) by)? dkedk’ 
Go B KoXKo 
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where B is defined* as in Lemma 24 and N is the number of connected 
components of BM YM’. Thus we are led to the integral 


J | (kak’) bo) |? (aeB). 
KoXKo 
Let Dt (X,, +X (eR) and let a—expH. Then we know 


from Lemma 20 that 


a=€h(a)é 


where Ce Ee (in the notation of Section 7) and 
h(a) =exp( > log (cosh ¢;) H;). 
i=1 


If we denote the corresponding representation of g also by o, it is obvious 
that o(),)¢o = 0 and therefore o(p)¢o for pe#,*. Since KBok* 
=P (ke K.) and it follows that 


(po, (Kak”) po) = (bo, (kh (a) k’) ho). 


Let A, be the complex analytic subgroup of G, corresponding to §. Then 
h(a)e A, C and 


| (ho, (kak’) ho) |* dkdk’ = 4 | (do, (kh (a) k’) bo) |? dkedk’. 


KoXKo 

On the other hand o(H)¢o—=Ao(H)¢ (Heh) and o(Xa)¢.=—0 for any 
positive root a. Since this holds in particular for every positive compact 
root, it follows from Lemma 2 of [5(e)] (applied to £) that the subspace 
V, of V spanned by o(k)do (ke K-) is irreducible under K,. Let oo denote 
the corresponding representation of K, (and k) on Vo. Then obviously A, 
is the highest weight of o). Now if we make use of the Schur orthogonality 
relations for the irreducible representation of the compact group Ky on Vo, 
we find easily that 


| (do, (kyk’) bo) |? dkdk’ = (dim J | o (yk) bo |? dk 
KoX Ky Ko 
= (dim V,)-? Spoo(6(y)y) 
if ye K.. Hence 


go) |? — (dim 
e ox Ko 


“Here we have to make use of the obvious fact that the complement of 9%’ in % is 
of measure zero with respect to da. 
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where X,, is the character of oo. But if Py is the set of all compact positive 


roots and pp} S a, we know (see Weyl [11(a)]) that 
aePt 


dim Vo = JJ {Ao(Ha) + } 


aePt 
{A (Ha) + Ha) /pr(Ha) } 


since A(H,) =0 (ae P;) from Lemma 13 of [5(e) ]. 
We now claim that 


A(P(a)) = Slog (cosh 


where (in accordance with our convention) log (cosh ¢;) is real (113s), 
Since both sides are linear in A. it is enough to prove this under the assump- 
tion that A(H,,) 1Si=™m are all non-negative integers and A(Hoe,) =0 
m<t<l (see the proof of Lemma 23 of [5(f)]). But then we can find 
an irreducible complex representation o’ of G, on a finite-dimensional Hilbert 
space V’ with the highest weight ’ and assume that o’ is unitary on U (see 
[5(f), §6]). Let ¢’ be a unit vector in V’ belonging to the weight \. 
Then, as we have seen during the proof of Lemma 23 of [5(f) ], 


= (re@) 
and therefore by the argument which we have already used above, 
( 4’, 0’ (a) = ($',0'(h(a) 
= exp ( > (log cosh t;)A (Hy, ) ) 
iz 
since ¢’ belongs to the weight A. Our assertion now follows from the fact 
that both A(T(a)) and (logcosh t;)A(H,,) are real. 
If 6 and yp are two - numbers and 6 is positive we define b# in the 


usual way by b4=—exp(plogb). Then the above result shows that 


8 
eX(T(a)) Il (cosh t;) 
4-1 


& 
For any point H = t,(X,, + X_,,) (tie in ay,, we regard (t,,- ts) 
i=1 


as the coordinates of H and denote by dé the measure dt,dt.- - -dts on ay, 
It is obvious that dH =cdt where c¢ is a positive constant and dH is the 
element of vo.1ume corresponding to the Euclidean metric on ay, (see Section 
8). Hence it follows from the above remarks that 


2 


‘act 


the 
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| (x) |? d& = wN-*(dim Xro( (2 (a) | D(a) 
e Go B 


= weN-!(dim Vo)? f X4.(exp 2H’) Il (cosh | D(exp H)4 dt 
6 i=1 


where H = Dt;(X,,-+ X_,,) and 


i=1 
H’ > (log cosh t,) Hy, (jeR). 
i= 


Let wy be the subgroun of the Weyl group (of g with respect to h) generated 
by the Weyl reflexions sq corresponding to ae P;. For any setv, we define 
e(s) =1 or —1 according as the permutation «—sa of the set of all 
compact roots a, is even or odd. As in Lemma 16, let Cy denote the set of 
those positive compact roots which vanish identically on v(ay) and let C’ be 
the complement of C, in P;. Then if pp=4 > a and pp} > a, we have 
the following result. — sia 

LemMA 25. Put A”>—=Ao+ py. Then if wo is the order of the sub- 
group of generated by s, 


X,,(exp H) — 
aeC’ 


= {wo II po(Ha)}* & {TI sA%o(Ha) 


aeCy selvy aeCo 


for all Hev(ay). 


For each ae C’ we define a holomorphic linear differential operator Dy 
of order one on the complex Euclidean space § such that Dyw—p(Ha) for 
every linear function » on §. Then the operators D, obviously commute 
with each other. Put D= J] D,. We know (see Weyl [11(a)]) that 


aeC’ 


X\,(exp H II (e804) e-40(H)) II — ) 


aeC’ aeCy 
ely 
Hence applying the differential operator D to both sides and evaluating the 
result at a point H in v(ay), we find that 


X,,(exp H) (e824) — e-te*)) (DA,) 
aeC’ 


= «(s){ I] H ev(ay) ) 


sew aeCy 
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since a(H) =0 of ae Cy and Hev(ay). Here 


Ao = If (e* *) 
aeCo 


and (DA,)x denotes the value of DA, at H. But it follows from well-known 
arguments (Weyl [11(a)]) that® 


Ay = > €o (s ) 


where €)(s) = -+ 1 and is determined by the rule 
IT (e3¢ — (8) Ay 


aeCy 
Hence 


D&o= & IT Spo (Ha) 


aeCy 
But it is obvious that ¢9(s) = (—1)4 (se if is the number of negative 


roots among sa (zxeC,). Therefore 


II Spo(H, ) == IL po( Ha) 


aeCy 
and 
(DAo)# = Wo IT po( Ha) (H ev(ay) ) 
aeCo 
since po(H) =0. Moreover if Be Co, not all the roots sga(aeC,) are positive 
since sg8——. This shows that sga< and therefore sgpo < po. 
aeCo aeCo 


Since this implies that po(Hg) > 0, the lemma now follows. 
8 
Now again for any point H=>i,(X,,+4X-_,,) (te) in BD put 
i=1 
= Slog(cosht;)H,,. Then if p=} Sa and 
i aeP 
+A-+p,. Moreover since \(H,) 0 for every compact root « [5(e), Lemma 
13], it follows that sA =A for all set;. Similarly it follows from Lemma 10 
of [5(e)] that sp.—p, (set) and therefore p,(H,) =0 if ae P;. Hence 
we conclude from Lemmas 23 and 25 that 


X,,(exp 2H’) TJ (cosh | D(exp 


4=1 

= 2”{ wo IT po(Ha) }- ‘Tl (sinh 

x e(r){ II (Aa ) 27A"(Hy,)-1, 
Telve 


* We have to apply here Weyl’s result to the subalgebra ap + 3 (CX, + CX_,) 
of g which is obviously reductive [7]. are 
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Put yi = (cosh Then 6b corresponds to the region defined by O0< 1 
and if y:~ (ASt<jss). Let us denote this region by by. 
Then if dy =dy,dy.- - - dys, it is clear that 


xio(exp 2H’ | D (exp H) dl 
7b 


= 2°{wo IT po(Ha)}" { e(r)( I] (Aa) ) 107} dy. 
aeCy by aeCo 
Put y= (cosh in the notation of Section 8. 


Then the region 6, is defined by the inequalities 
l> ga > <> > 9 (1stSr) 


and an elementary computation shows that if qj; are positive real numbers 


TT yijts* dy = 


by ij 1SiSr 1SkS8; 

We shall use this formula to determine the value of our integral. 

Let. % denote the space of linear functions on §. By a rational function 
» on %, we mean an element of the quotient field of the ring of polynomial 
functions on % (see [5(b), p. 194]). We say that o is defined at a point 
wey. if it can be written in the form o—f/g where f and g are two poly- 
nomial functions on % and g(x) ~0. It is obvious that in that case the 
ratio f(x) /g(u) depends only on » (and not on the choice of f and g). 
This ratio is called the value of w at » and denoted by w(yn). We shall 
need the following simple lemma on rational functions. 


LEMMA 26. Let f and g0 be two polynomial functions on F and let 
w=f/g. Suppose there exists a base for over C and an integer 


Ny with the following property. For any given integers m,,- - -,m=Z No, 
o(m,A; + =0 provided +---+ ~0. Then f=0. 
For otherwise fg 40 and therefore we can choose integers - 


= N, such that f(maAr mA) g (mA mA) #0 (see Lemma 
32 of [5(a)]). Then obviously »(m,A, +: mA.) ~0 and we get a 
contradiction. 


COROLLARY. Suppose ;, we are two rational functions on % such that 


for all integral values of m,,- > +,m,= Ny whenever both sides are defined. 


THOR @». 


). 
) 
tive 
Po: 
put 
ma 
1 10 
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Let o, =f1/91, =f2/g2 where f,, fe, gi, gz are polynomial functions 
and Then o,—wo2= Since o, and wo, 
are both defined at any point where g,g. does not vanish, it follows from 
the above lemma that g.f,—g,f.—0 and therefore o, =o». 

For any polynomial function f and re W,;, we denote by {7 the polynomial 
function p—>f(r%4) (we). Now define a polynomial function F, as 
follows : 


1SiSe 1SkS8; 
where gij(u) if Bg (1 SpSs) in the notation of Section 8. 


Similarly let fo, g; and F, (re%w;,) be the polynomial functions given by 


fo(u) = {Wo IT po(Ha)} IT {(u(Ha) + p(Ha))/p(Ha)}* 


aeCo ae Py 
g(u) = IT + 
aeC 

F = Fo™(— + p)) (ue 8) 

and put 
QP 
Te We 

where p=2 p.(H,,). Then it follows from what we have proved above 
that 


by rel 
Now let us suppose that A’(H.,) <0 for every totally positive root y. Then 
since any ret, permutes totally positive roots among themselves [5(e), 
Lemma 10], it follows that rA’(H,) <0 (yeP,). Hence the above- 
mentioned formula is applicable to each term of the integral on the right 
and we see that the rational function » is defined at A and 


J | |? = weNw(A). 
Go 
Thus we have the following result. 
Lemma 27. Let %a(P) denote the set of all linear functions on A 
satisfying the following two conditions: 


(1) <A ts real and A(H,) is a non-negative integer for every positive 
compact root a. 


(2) A(H,) + p(H1,) <0 for every totally positive root y. Then there 


ove 


ere 
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exists a uniquely determined rational function w on & which is defined every- 
where on %a(P) and such that 


| (x) |? d= = weN-*w(A) 
Go 
for all Ae §a(P). 


We have only to show that » is unique. Let (a@,,- - -,a,) be a funda- 
mental system of positive roots and suppose (@,° - *,@m) are all the totally 
positive roots in this system. Define / linear functions A; (1tS1) on § by 
the conditions Aj(H,,) =8; 11,71. Then if A,—A,+---+ An, it 
follows from Lemma 13 of [5(e)] that A,(H,) > 0 for ye P, and A,(H,) =0 
for ae P; Hence it is obvious that we can find an integer n= 2 such that 
Ai— md, e%a(P) (AStSl1). Therefore if A—A;—ndA,, (A1,° 18 
a base for over C and m,A,+---:+mA.€%a(P) for every set of positive 
integers (m,,- - *,m;,). The uniqueness of » now follows immediately from 
the Corollary to Lemma 26. 

We shall now determine » in another way. Let %v denote the set of 
all real linear functions A on § such that A(Hg) is a non-negative integer 
for every positive root 8. For a fixed Ae %zv, let o denote the irreducible 
complex representation (see [5(f), §6]) of @, on a finite-dimensional Hilbert 
space V with the highest weight A. We assume that o is unitary on U. 
oo, being a unit vector in V belonging to the weight A, we consider the 
function 


(x) = ($0, (xe Ge). 


Since V is irreducible under o(U), it follows from the Schur orthogonality 


relations for the compact group U’, that 


| |? du = (dim V)-. 


Qn the other hand if we normalize the various Haar measures according to 
Lemma 22 and put A’ =A-+ we get 


lWa*(u) | D(a*) da*)"! 
iy 


dkdk’ 


where B* is defined as in Lemma 24 and we make use of the fact (see the 

Corollary to Lemma 24) that B* and B both have N connected components. 

Now let H = t,(Xy, + X_y,) © 6* (tie R) and a*=e(H). Then if we put 
i 


Ns 

m 

lal 

as 

8. 

en 

e), 
ve- 

A 

} | 

we 

7 
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H* == ~ log (cos t;) Hy, 

and h(a*) =expH*eA,, we know from Lemma 20 that 

a* = fh(a*)é 


where £e $3, and €e§,*.. Therefore we conclude in the same way as before, 
that 
(0, (ka*k’) bo) = (kh (a*) k’) bo) 


and therefore 


(Go, 0 |? — | (do, 0 (kh (a*)k’) bo) |? dkedk’, 
e ¢ Ko 


KoXKo 0 
On the other hand if V, is the subspace of V spanned by o(k)d (ke XK,), 
we prove exactly as before that the corresponding representation o, of K, 
on V, is irreducible and has the highest weight A. Then if x, denotes the 


character of oa) we have 
| (do, 0 (ka*k’) bo) |? dkdk’ = (dim x, ((A(a*) )*). 
e Ko Ko 


Therefore 


| D(a*) |* da* 


— (dim Vo)* xs((h(a*))*)| D(a*) da® 


| (ka*h’) |? 
XKo 


f x, (exp 2H*) | D(e(H)) [3 
b* 


99 


where c and dt have the same meaning as before. But from Lemmas 23 and 


25 it follows that?°® 
X\ (exp 2H*) | D(e(H)) 
(—1)?2°(w, TT TL sint} 


aeCo 1SiSs8 


xX {e(r)gr(A) IL (cos ti)? 
Tews 
where A’=A-+p. Now put y;—cost;. Then b* corresponds to the region 
6, defined as before by 0<y;<1 and if (ASi<jSs). 


1° The proof of Lemma 25 made no use of the fact that Ao(H,) =0 for every totally 
positive root « lying in the fundamental system (o,,° - -,a,) of positive roots. Hence 
this lemma is applicable also to x,. 
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Therefore if we use Weyl’s formula [11(a)] for dim V, and recall that 
o(Ha) =pr(Ha) (we Pz), we get 


(dim Vo)-2 X, (exp 2H*)| D(e(H)) 
b* 


} dy. 
Te 8 


sis 


We have seen that re tv, permutes the totally positive roots among themselves 
and if yeP,, A’(Hy) >0 since A(H,) 20 and p(Hy) >0 (see Weyl 
[11(b)]). Therefore 27A’(H,,) >0 and it follows that the right hand 
side of the above equation is 
(—1)?2? e(r)gr(A) {fo(A) Fo7 (2A’) } 
TelWy 

Put A*—— (A+ 2p). Then it is obvious from the definition of Fo, fo, F's 
and (re wy) that 


F,(A*) = F,7(2A’), fo(A*) =fo(A), gr(A*) = (—1)"97(A) 


where 7, is the number of roots in Cy). Hence 


ZU fad 


But on the other hand by Weyl’s formula [11(a) ], 


since A is the highest weight of «. This proves that 


w(A*) = (— 1) (N’/cw*) | D(a*) da* 
x CIT (A* (Hp) + 


where m is the total number of positive roots. Let %v* denote the set of 
all linear functions of the form A*——(A++2p) (Ae%zv). Define the 
linear functions A; 1SiSl1 as in the proof of Lemma 27%. Then if 
Ay =— (A, + 2p) and A; 2StSl, is a base for and 


mA: +: -+ mA for positive integers (m,,---,m,). Therefore in 
view of the Corollary to Lemma 26, we can conclude that 


== (—1)Ptrorm ( N/cw* ) f | D(a*) da* 


x { iT (4(Hg) + )/p(H~)}* 


), 
he 
lly 
ice 
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(ue %), both sides being defined and equal whenever at least one of them 
is defined. Hence in particular if Ac %e@(P), it follows from Lemma 27 that 


Go 
{ IT A’(He)/p (Hs) }* 
BeP 
where A’—=A-+ p. On the other hand if g is the number of totally positive 
roots, J] A’(Hg) has obviously the same sign as (—1)%. Therefore since 
BeP 
the left side is positive and p(Hg) > 0 for every positive root B, (—1)?*™ 


= (—1)% Thus we have obtained the following result. 


Lemma 28. If Ae 


| (—1)%(w/w*) f | D(a*) 
Go 


(TT (As) + )/o(Hp) 


Although our definition of ay, depends on the order (which we have 
so far assumed to be fixed) on the space §r of real linear functions on }, 
we know from Lemma 22 that the above normalization of the measure di 


and the numbers w, wf | D(a*)!4da* are actually independent of this 
fad 
order. Therefore if we normalize dz in such a way that 
|? dt —=| A( He) + p(H)/p(He) 
Go BeP 
for all Ae Se(P), this new normalization is also independent of the particular 


order in %r. However since the definition of the function y, depends on 
this order, we shall now denote it by y,?. Then our result may be stated as 


follows. 


THEOREM 4. It is possible to normalize the Haar measure on di on 

G, in such a way that the following condition is fulfilled. Let P be the set 

of all positive roots under any given order Sr and suppose every noncompact 

root in P is totally positive. Let p= 3 26 and let %a(P) denote the set 


of all real linear functions A on § which satisfy the following two conditions: 
(1) A(H,) ts a non-negative integer for every positive compact root 2. 


(2) A(Hg) +p(Hg) <0 for noncompact positive root B. 


— 


lem 
hat 
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Then 
@) |? | TT (He) pHa) Ha) | 


Go 


for all Ac ta(P). 


Now we return again to our fixed order in %r. Let A be a real linear 
function on § such that A(//,) is a non-negative integer for every compact 
positive root a Define y.(7) (reG@) as in the beginning of this section. 


LEMMA 29. | if and only if AcSea(P). 
Go 


Define A, as in the proof of Lemma 27. Then, as we have seen, 

\.(H,) >0 for ye P, and A,(H,) =0 if we P;. Put 

ty —=max {A (Hy) + 

yers 

Then it is obvious that A—tr,e%e(P) (te) if and only if ¢>¢, and 
therefore = 0 if and only if Af%a(P). Moreover if A; it is 
clear that 

Wa = Ya (reG). 
But if H= DS t(X,,+X-,,) (eR) we have seen above that 


1SiSs 


= (log cosh t;)A,(H,,). 
1siss 


Since coshé;=1 and A,(H,,) 20, it follows that »A,(T(a)) 20 (ae). 
Therefore it is obvious from Lemma 22, that 


0 Go Go 


provided Now suppose A¢g%a(P) so that 20. Put t—t+e 
where ¢ is positive. Then, in view of Theorem 4, we get 


dz | TI + — (to 


But it follows from the definition of ¢, that as e—0 the right side tends to 
infinity. Therefore 
J | (x) |? dz 
Go 
Conversely if Ae %@(P) we know from Theorem 4 that 
(x) |? dé <0. 


J Ge 
Thus the lemma is proved. 
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We shall now consider the question of the integrability of the function 


Let us recall that D B. 
BeP, 


Lemma 30. Let A be a linear function on § satisfying the following 
two conditions: 

(1) A(H,) is a non-negative integer for every compact positive root 4, 

(2) A(Hg) +p(Hg) <1—2p.(Hg) for every noncompact positive 
root B. 

Then 
<< 


J, va (2) 


We use the notation which was introduced at the beginning of this 
section. In view of Lemma 22, it is enough to prove that 


J, | D(a) [? da f, | (do; (kak’) do) | dkdk’ <a. 
KoXKo 


3ut it follows from the Schwartz inequality that 


deal’ < Cf | (bo, o(kak’) by) |? ded 
KoXKo KoXKo 
(dim Vo)*{Spoo( (h(a) )?) 
as we have seen before. Since oo(h(a)) is obviously a positive definite self- 
adjoint transformation on Vo, it is clear that 
Sp oo( (h(a) )*) S {Spoo(h(a) ) }?. 
Therefore 


JS, | (po, (kak’) bo) | dkedk’ S (dim X4.(4(a) ). 
KoXK 


XKo 


So it would be sufficient to prove that 


B 
For any point 


H= > ti(X,,+X-y,) (te R) in b we put H’= > (logceosh¢,) Hy, 


1Sixs 1Sise8 
as before. Then if a=expH, h(a) =expH’ and therefore it follows from 


Lemmas 23 and 25 that 


X.,(h(a) | D(a) 


A(2H’) T] (gi 
{ > e(r)gr(A) II (cosh t;) TT (sinh ¢,) 
7 i=1 4=1 


ion 


his 


a} f- 
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where A’=A-+p, ¢, is a positive constant and g; is defined as before. 
Now 


A(2H’) 40(H’) -4a(H’) 
A(H’) at +e ) 


and therefore if 7” is the number of roots in C’, it follows from Lemma 16 
that 


& 
= 2" J] (cosh JT] (cosh ¢;/cosh 
1Si<jss 
in the notation of Section 6. (Here we have to make use of the fact that 


tj>t on bifr>0 (1S1<jSs)). But since 


i<jss isj<t 


from Lemma 18, we conclude that 
0 < {A(2H’)/A(H’)} S 2” (cosh t;) 


and therefore if 2", 


X4o(h (a) ) 


Se:{ e€(r)gr(A) II (cosh 7’ 


Now put y= (cosht;)-', dy—dy,: -dys and define b, as before. Then 
f II (cosh TT (sinh t;) dt 
i i 


fT ay (rem), 
e y 


But we have seen earlier that rp,—p, and therefore 
tA’ (Hy,) + 2p,(H,,) =A’ (Hy) + 2p,(Hy) 


where y—7-'y;. Hence it follows from our hypothesis on A that 


and therefore 


Yi dy <0. 


4 


This shows that 
B 


and so the lemma is proved. 


ing 

| D(a) 
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10. Integrable and square-integrable representations. Suppose A is a 
real linear function on which satisfies the first condition of Lemma 30, 
We define the Hilbert space $, as in Theorem 2 of [5(f)] corresponding 
to the function »=1 on G. We know from Lemma 14 of [5(f)] and 
Lemma 29 that 6,0 if and only if Ae%aq(P). So now let us assume 
that Ae %a(P) and let +, denote the representation of G on §, (see [5(f), 
Theorem 2]). Then z, is irreducible and unitary and 


(Wa, || Ya (ze G) 


from the Corollary to Theorem 2 of [5(f)]. (Here we use the usual notation 
for the norm and the scalar product in §,). Since y, 0 and 


J, 


this prove that 7, is square-integrable (see Section 3). Moreover if A 
satisfies the second condition of Lemma 30, we prove in the same way that 
a, is integrable. Combining these results with Lemma 19 of [5(e)], we get 
Theorem 3 of [5(e)] which was stated there without proof. 


dE =| <0, 


It is clear from the definition of §, that every element ge, is com- 
peletly determined by its restriction on G and in fact 


Therefore since yye, and zy, is irreducible, §, may be identified with 
the completion (under the above norm) of the space spanned by the right 
translates of the function y, under G. If we use the normalization of 
Theorem 4 for the Haar measure on G, and denote by d, the formal degree 
of x: (corresponding to the kernel Z, of the mapping r>Z of G on G 
(see Section 3)). it follows from Theorem 1 that 


and therefore 


dy = || |(A(Hg) + )/p (He) | 


from Theorem 4. This is the formula for the formal degree in terms of the 
highest weight A of the representation. It is substantially the same as the 
corresponding formula of Weyl [11(a)] for a compact semisimple group. 
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11. Similarity with finite-dimensional representations. In order to 
simplify matters let us suppose in this section that G@ is simple but not 
compact. Then if (%,%,° * *,%) isa fundamental system of positive roots, 
we know (Corollary 2 to Lemma 13 of [5(e)]) that it contains exactly one 
noncompact root, which we may assume to be a. Let A; OS iS be the 
linear functions on § given by Aj(H,,) =8; 0Si,7S/1 and let oj be an 
irreducible complex representation of G, (see [5(f),§6]) on a finite-dimen- 
sional Hilbert space V; with the highest weight A; We assume that o; is 
unitary on V. Let 4; be a unit vector in V; belonging to the weight Aj. 
Then if = (di, di) (ze it follows from Lemmas 6 and 14 
of [5(f)] that (OStS1) and 


Wo(Z) = yy, (2) =exp(Ao(T (2) )) (xeG). 


Hence in particular y¥,,(@) is never zero. Now if A is any linear function 
on it is obvious that -+A,A; where A= A(HAg,) 
Therefore if Ae %a(P), are all non-negative integers while A, is 
a negative real number. Moreover it follows again from Lemma 6 of [5(f) ] 
that 


In particular if A, is also an integer, y,(a) depends only on # and so if 


we regard y, as a function on Gp», we have 

On the other hand if mo,m,,- - -,m;, are non-negative integers, 


is a holomorphic function on G, and again we can conclude from Lemma 6 
of [5(f)] that 
= (¢,0(2)¢) (ze Ge) 


where o is the irreducible complex representation of G, on a finite-dimensional 
Hilbert space V with the highest weight m,A,+~---+ mA; and @ is a 
unit vector in V belonging to this weight. (We assume of course that o is 
unitary on U7). Then (we U) is a matrix coefficient of an irreducible 
representation of U’ and therefore the space spanned by all the right translates 
of y under U is irreducible under the corresponding representation of U. 
Thus the similarity between this case and that of w-. $, and 2, discussed 


above is now quite obvious. 


HARISH-CHANDRA. 


12. Proof of Lemma 22. In order to prove Lemma 22, we shall use 
a method which has been extensively used before by Weyl [11(a)] and 
Cartan [2(a)]. It is no longer necessary to assume that §, is maximal abelian 
in go, since this assumption plays no role whatever in our proof. However we 
still consider g as a Hilbert space under the norm || X ||? =— B(6(X),X) 
(X eq) and denote by G, a simply connected complex Lie group with the Lie 
algebra g. As before G, K, and U are the (real) analytic subgroups of G, 


corresponding to go, fy and uf, + (—1)4po. We assume that dk =1, 
Ko 


Let us introduce the following notation for the sake of convenience, 
Suppose » and yp’ are positive measures on two locally compact spaces F and 
E’ respectively and f is an open continuous mapping of F into EK’ which is 
locally one-one on #. Then we write dp.—~ dp! if there exists a positive 
constant ¢ with the following property. Let U be an open set in F such 
that f is univalent on U. Then p(U) —cp’(f(U)). If it is clear from the 
context which mapping f we have in mind, we write simply du ~ dp’. 


LeMMA™ 31. (k,X)—~kexpX (ke Ko,Xepo) tw a one-one regular 
analytic mapping of Ko X Po onto Go. 


Let ¢ denote this mapping. It is known (Cartan [2(b)], Mostow [9]) 
that ¢ is one-one and onto G,. Also it is obviously analytic. Let f be a 
function on G, which is defined and analytic around «—kexpX. Then if 
Yep, and Zef,, 


f(kexp(X + tY)) (Y’f) (x) 
f(kexp tZ exp X) = (ZF) (x) (te R) 


where (see Chevalley [3, p. 157]) 
Y’ = {(1— exp(—adX))) /adX}Y 
Z’ =exp(—adX)Z 


and (1—exp(—adYX))/adX stands for the sum of the convergent series 


11 The proofs of Lemmas 31 and 33, which we present here, are substantially the 
same as those of Cartan. However in view of later applications, we are interested not 
only in verifying that certain determinants are different from zero but also in com- 
puting their actual value. This compels us to reproduce the whole argument. 
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Let 7 be the linear transformation of g such that TY = Y’ and TZ =—7’. 
Since (adY)p C € and (adX)*p C p, it follows that 
exp(adX)Z’ =Z 
exp(adX) Y’ = {sinh adX /adX}Y mod k 
where (sinhad\/ad\) =s(X) is defined by the power series 
(adX)?"/(2m + 1)!. 
m=o0 
Since only even powers of adX appear in this series s(X) leaves p invariant. 
Also 6(X) —-——X and therefore adX is self-adjoint. Hence s(X) is a 
positive definite self-adjoint transformation. Therefore the same holds for 
its restriction (s(X))y on p. On the other hand it is obvious from the 


above congruence that 
det (exp(adX )T) = det((s(X) )y). 
Since G, is semisimple det(exp(adX)) —1 and therefore 
det T = det (s(X) )y. 


The right side is positive since (s(X))y is positive definite. This proves 
that det 740 and therefore ¢ is regular at (k,X). 

Let dX denote the element of volume in p, corresponding to the Eu- 
clidean metric || X || (Xepo). 


CoROLLARY. dx~det(sinhadX/adX),dkdX (x—kexpX). 


This follows immediately from our calculation above. 
We now state a lemma which will be needed frequently. 


LemMA 32. Let M and N be two manifolds of class C' satisfying the 
countability axioms. Then if f is a differentiable mapping of M wto N, 
and Q ts a subset of M then dimf(Q) Sdim Q. 


Here we use the Brouwer-Urysohn-Menger definition’? of dimension 
(Hurewicz and Wallman [6]). Although this result must be regarded as 
known, no easily accessible published proof of it seems to be available. There- 
for we shall give a short proof in the Appendix (Section 13). 

Let a,, be a maximal abelian subspace of po. Then we have the 
following result?! due to Cartan [2(a), p. 354]. 


7? In order to distinguish it from the vector dimension of a complex vector space, 
we denote the topological dimension by “ jim.” 


Ise 
nd 
an 
We / 
) 

ie 

iB 

d 
is 

re 

h 

a 

f 


HARISH-CHANDRA. 


LEMMA 33. po= LU Ad(k)ay,. 
keKo 

Extend ay, to a maximal abelian subalgebra a, of go and let ay and a be 
tie complexifications of ay, and a, respectively in g. Then a is a Cartan 
subalgebra of g. We consider the set & of all roots of g (with respect to a) 
which do not vanish identically on ap,. For each ae let og denote the 
hyperplane consisting of all points Hea,, such that «(H) —0O and let c’,, 
denote the complement of (J) oq in ay, Moreover let M be the set of all 


ke K, such that Ad(k)H =H for every Heay, Obviously M is a closed sub- 
group of K,. Let k-& (ke K,) denote the natural mapping of Ky, on the 
factor space Ky —K,/M consisting of the cosets of the form kM. Consider 
the mapping ¢ of Ky X ay, into p, given by ¢(k, H) = H*= Ad(k)H where 
k is any element in the coset &. @ is obviously analytic. Let my be the 
centralizer of ay, in f, so that m, is the Lie algebra of M. Let f bea 
function on p> defined and analytic around XY = H,& (Hyeay, koe Ko). Then 
if Zef, and H eay,, 


(teR). Now if Hoea’y, dim([Ho,f]) —dimf—dimm (where m is the 
complexification of Also ay and (ad H,)f are mutually orthogonal. 
Hence 


dim (ay + (ad H,)f) = dim ay + dim f — dim m = dim p 
from Lemma 4 of [5(b)]. This proves that 
Ad (ko) (ay + (ad Hy) f) =p. 


Since dim(Ko X ay,) = dim f—dimm-+ dima, it fol- 
lows that ¢ is regular on Ky X a’y,. Let d& denote the invariant measure on 
K, such that |. dk=1. Similarly let dH denote the element of volume 
Ko 
in Qy, corresponding to the Euclidean metric || H ||. Now introduce some 
(fixed) lexicographic order among roots and let &* be the set of positive 
roots in = under this order. For each root @ select an element X, +0 in g 
such that [H,X.] —a(H)X, for all Hea. Let n* and m respectively be 
the subspaces of g spanned by Y, and XY « (ae3*). Then (see the proof of 
Lemma 4 of [5(b)]) 
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where the sums are all direct. Hence 


/m = g/(m-+ ay + = p/ay 
and 


g/(m + ay + n*) = 


Therefore we may identify £/m and p/ay with 1 in a natural way. Now if 
Hedy, m is contained in the kernel of the mapping Z>[H,Z] (Zef) and 
therefore by going to the residue classes we get a mapping of £/m into p/ay. 
In view of the above identification, this gives a linear transformation T'y 
in nw. It is clear that 7'y coincides with the restriction of adH on 1. 
Therefore in view of our calculation above we can conclude that 


dX ~ | det Ty | dHdk = [I | a(H)| dHak (X = Ht) 


(H ea’y,, ke Ko). We shall need this result a little later. 


Let « be a root in 3. Since a takes real values on ay,, we can find an 
element XY ~0 in go such that [H,X]—«a(H)X for all Heay,. We claim 
X¢po. For otherwise since [}o, Po] C fo, we get [H,X]efNpo—0. This 
however is impossible since X ~0 and «(H) 0 for a suitable H in ay,. 
Similarly we prove that X¢f,.. Therefore Y=Y-+Z (Yep,Zef,) and 
YA~0, ZA0. Then comparing components in f, and p, of both sides of 
the equation [H, X] —a(H)X, we find that [H,Y]—«(H)Z and [H,Z] 
=2(H)Y. Thus we have obtained the following result (see Cartan [2(a), 
p. 357]). 


LemMaA 34. For each ae we can choose nonzero elements Y,, Za in 
p) and £, respectively such that 


for all H eqy. 


Let M, («e3*) denote the set of all elements k#eK, such that 
Ad(k)H =H for every Heo, Then M, is a compact subgroup of K, 
containing M. Moreover it is obvious that the element Z, of the above 
lemma does not lie in m, while it is certainly contained in the Lie algebra 
of M,. Hence dim M,>dimM. Let ¢, be the mapping of (Ko/Ma) X oa 
into p> defined by $,(k*, H) = Ad(k)H where ke Ko, Heoq and k* =kMg. 
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It is obvious that ¢, is an analytic mapping and therefore it follows from 


Lemma 32 that 


dim $a ((Ko/Ma) X oa) S (Ko/Ma) X oa) S dime py — 


since dim (K,/M,) < dim (K,/J/) and 


dim og = dima og = dime Ay, — 1. 
On the other hand it is clear that 


da ( (Ko Tq) $(Ky Oa) 
and therefore 


( (Ko/M ) x ( U 2a) )= U da ( (Ko/Ma) X 


aex+ aeS+ 
Hence if we denote this set by p,. 
dim p, = dim py —?. 


Therefore the complement ‘p, of ps, in py is connected (see Hurewicz and 
Wallman [6, p. 48, Theorem IV 4]). On the other hand let 


(Ko x 


Since ¢ is regular and therefore open on Ky X’y,, p’o is Open in Po. Let 
= dime (ay,-+ mo) and for any let r(X) denote the complex 
dimension of the centralizer of XY in g. Then it is obvious that r(X) =r, 
if Xep’, while r(X)>r, if Xep,. Hence p’ C°%p,. Finally since Ky is 
compact, it follows immediately that p’, is closed in *p,. Therefore since 
“p, is connected and p’, is not empty (because a’y, C p’o) we conclude that 
p’) = °p,. Now let A be an indeterminate. Then it is clear that there exists 
a polynomial function F on yp such that if Yep, F(X) is the coefficient of 
A”e in the characteristic polynomial of adX (in A). It is obvious that 
r(X)> if and only if F(X) —0. Hence F is not identically zero and 
ps, is contained in the set of zeros of F on po. This shows that ‘p, =p’, is 
everywhere dense in po. But Ky is compact, and || H#|—|H || (kek, 
Heay,) and so it follows that ¢(Ko Xay,) is closed in po. Therefore 
(Ko X = Po. This completes the proof of Lemma 33. 


Let MJ’ be the normalizer of a, in AK. Then MW’ is a closed subgroup 
of Ko and M is a normal subgroup of M’. If Heay,, adH is self-adjoint 
and therefore (ad H)?X = 0 implies (ad H)X =0 (Xeqg). From this it follows 
immediately that the Lie algebra of ./’ is also m, and therefore W = M’/M 


nd 
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is discrete. But since it is also compact, W must be finite. It operates as a 
croup of linear transformations on ay, as follows: 


sH = Ad(k)H (se W) 
where & is any element in IM’ belonging to the coset s. 


LemMA 35. Let H be an element in a’y, Then if ke Ko and 
Ad(k) Hedy, k must lie in M’. 


Since fHea’y,, dy, is exactly the centralizer of H in po. Therefore 
Ad(k)ay, is the centralizer of Ad(k)H in po. But since Ad(k)H eay, and 
Qy, is abelian, ay, C Ad(k)ay,. However ay, and Ad(k)ay, obviously have 
the same dimension over R. Therefore ay, Ad(k)ay, and so ke M’. 

W also operates on Ky on the right as follows. Let ke K, and se W. 
Since M is a normal subgroup of M’, ks=km’M where k and m’ are any 
two elements of A, and M’ respectively lying in the cosets & and s. It is 
obvious that (ks,s'H) =9$(k,H) (Heay,). Conversely if Hea’y, and 
o(k,H) =6(k,,H,) (k,kye Ko, H,eay,), it follows from Lemma 35 that 
tke M’. This shows that k, —ks and H,—s"H for some se W. Then 
if wy is the order of the group W, it follows that every element in p’, has 
exactly w, distinct pre-images in Ko Xa’y, under ¢. We have seen above 
that there exists a polynomial function F340 on yp, such that F(X) =0 
(Yepo) if and only if X¢p’o. This shows that the complement of p’, in py 
is of Kuclidean measure zero. Similarly it is obvious that the complement 
of a’y, in ay is of Euclidean measure zero. Moreover we have seen above that 


dX ~ JJ |a(H)| dHdk(X = H*, H ea’y,, ke 
and so we have the following result. 


LEMMA 36. There exists a positive constant c with the following 
property. If f is any continuous function on py vanishing outside a com- 
pact set, 


me f(H*) TI | a(H)| dkaH. 
Po 


KoXUpo ae xt 


On the other hand we have the following lemma. 
LemMa 37. Let by be a connected component of a’y,. Then 


a’ yp, = LJ sho. 


sew 


Let 6, denote the closure of 6, in ay, Since by is obviously closed 


m 
set 
eX 
ty 
is 
1ce | 
at 
sts 
of 
at 
nd 
is 
Kk, 
re 
up 
nt 
Ws 
M 


620 HARISH-CHANDRA. 


in bo Ma’y,—=bo. Consider ¢(Ko X bo) C p’o. Since ¢ is regular on 
Ro X a’. ¢(Ko X bo) is open. Moreover since Ky is compact it follows easily 
that ¢(Ko X bo) is closed in Hence (Ko X bo) = o(Ko X Bo) is 
closed in p’). But we know that p’, is connected and therefore ¢(Ko X bo) 
=p’). Hence in particular if Hea’y,, H=Ad(k)H, for some ke Ky and 
H,eb). But then it follows from Lemma 35 that ke M’ aad therefore 
H =sH, for some se W. This proves that a’y,C LU sbo. Since the reverse 


inclusion is obvious we get the lemma. 


COROLLARY. ’y, has only a finite number of connected components. 


* (Heay,) is the determinant 


Now as we have seen earlier, Il | a(H) 
of the linear transformation in p/ay corresponding to (adH)*. From this 


it follows that the value of this expression does not change if we replace 
H by sH (se W). Therefore it is obvious from Lemma 37 that 


TE | a(H)| deat 
KoXUyp, aext+ 
—wf f(Ad(k)H) TI |a(H)| 
KoXbo 


where w is the number of connected components of a’y,, bp is any such com- 
ponent and f is a continuous function on p, vanishing outside a compact set. 
Combining this with Lemma 31 and its corollary, we obtain the following 


result. 


LemMa 38. It is possible to normalize the Haar measure dr on Gy 
in such a way that the following condition is fulfilled. If f is a continuous 
function on G, vanishing outside a compact set and by is any connected 


component of a’y,, 
f(x)dr= J f(kexp 1) det (sinh ad X’/ad X)y dkdX 
Go KoXPo 


= cw II | — dH f(kexp Hh’) dkdk’ 
KoXKo 


Bo aex+ 
where w is the number of connected components of a’y, and c is a positive 
constant given by the relation 


f e-IXI? det (sinh ad¥ /adX), dX =c e TT | — dH, 
Do Up, 


For the proof we have only to notice the fact that 


det (sinh adH /adH) = [J (sinh a(H)/a(H)) (H €ay,). 


US 
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The following lemma is also due to Cartan [2(a)]. 
LemMA 39. Let ‘ay, be any maximal abelian subspace of po. Then 


‘Ay, = Ad (k) ay, 
for some ke Ko. 


Define a’,, as above and choose Hyea’y, Then ay, is exactly the cen- 
tralizer of H, in po. If we apply Lemma 33 to ‘ay, (instead of ay,), it 
follows that H,e Ad(k*)’ay, for some ke Ky. Since ‘ay, is abelian the same 
holds for Ad(k-*)’ay, and therefore Ad(k-')’ay, C apy, or ‘ay, C Ad(k)ay,. 
But then since ‘ay, is maximal abelian in p, it is obvious that ‘ay, = Ad(k) dy,. 

Let 9 be the analytic subgroup of G, corresponding to ay,. We conclude 
from Lemma 31 that % is closed and H—expH (Heay,) is a topological 
mapping of ay, onto 9. Moreover as we have seen in Section 8. 


| D(exp H)| = TI | et) — 


aex 


— | — (IT 


ae 
Therefore if we define 2’ as in Lemma 22, it is clear that 2’ —exp(a’y,) and 
the number of connected component of %’ and a’y, is the same. Moreover 
it follows from Lemma 39 without difficulty that the numbers c and w of 
Lemma 38 are independent of the choice of ay, Therefore the second 
statement: of Lemma 22 is now obvious. 
It remains to prove the first part of Lemma 22. Let 


e(X) =exp(—1)4V¥eU (Xepo). 
LEMMA 40. = e(ayp,) is compact. 


Since l’ is compact it is enough to prove that %* is closed in U. Let 
%* denote the closure of %* in U. Obviously %* and therefore * is a 
connected Lie subgroup of U. G, being simply connected, we “extend” 6 to 
a (complex) automorphism of G, so that 0(expX) —=exp6(X) (Xeq). 
Since 6(H) =—-H (Heay,), it is clear that 6(a) =a" for aeA* and 
therefore by continuity also for ae M*. Hence if X is an element in u which 
lies in the Lie algebra of M*, 6(X) ——X and therefore YeunN p = (—1)4pp. 
But since ay, is maximal abelian in po, it is obvious that X e(—1)#a,,. This 
proves that 9{* and %* have the same Lie algebra and therefore %* = %*. 

Define %*’ as in Lemma 22. Then e(H)eM*’ (Heay,) if and only if 


II | sin 40. 


aex+ 
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Put U,=—U/K, and u,=uK, (ue We define an analytic mapping y 
of Ky X U* into U, as follows: 
W(k,a) = (ka), (ke K,aeU*) 
where & is any element in the coset &. 
LemMMA 41. wy is regular and open on Ky X and w(K XK A*) =U 


Let uw be an element in U and f a function which is defined and analytic 
on some neighborhood of wu in U. Suppose wu—ka where ke K, and ae W*. 
Then if He (—1)4ay, and X 


qq (ba exp tH) ( (Hf) (u) 
) dt 
where X¥’ = Ad(a')X. Let T denote the linear mapping of £-+ ay into g 


given by 


f(kexp tX a) = (uv) 


H-H (H € ay) 
X — Ad(a?)X (Xef). 


Since m lies in the kernel of 7, we get a linear mapping T of (f+ ay)/m 
into g/f by going over to the factor spaces. Now suppose 7(H +X) ef 
(Heay,Xef). Then H+ Ad(a")Xef. But 


Ad(a*)X = 4(Ad(a') — Ad(a) )X mod f 
and (Ad(a*)—Ad(a))Xep. Hence 
H + 4(Ad(a") — Ad(a))XefN p=0. 


However it is easy to check that (Ad(a*) — Ad(a))g and ay are orthogonal. 
Therefore H=0O and 4(Ad(a*)—Ad(a))X =0. Now if in particular 
ae M*’, this clearly implies that Yem. This shows that if ae %M*’, the kernel 
of T is zero. Moreover as we have seen before g=f+a,+1t=—p+m-+1r 


and therefore 
(E+ ay)/m =g/(m+ n*) = 
Hence (f+ ay)/m and g/f have the same dimension. This proves that T 


is an isomorphism of (£-+a,)/m onto g/f and therefore y is open and 
regular on Ky X U*”. Let du, and dk denote the invariant measures on the 
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homogeneous spaces U, and Ky respectively. We assume that 


du, = |. dk=1. 
/ Us Ko 


Since 
g/(m-+ nt) Say +0 
and therefore if we identify (f+ ay)/m and g/f with ay-+m under the 
isomorphism indicated above, 7 may be regarded as a linear mapping of 
ay + into itself. If Zerr, 
Ad (a) (Z +0(Z)) = 4(Ad(a*) —Ad(a)) (Z +6(2Z)) 
== —6(Z’) modf 
where Z’ = 4(Ad(a?) —Ad(a))Z. From this it follows easily that 
T(H + Z) =H + 3(Ad(a") — Ad(a) )Z (H eay, Zen) 
and therefore 
| det T | = D(a) 
where g is the number of roots in 3°. This proves that 
du, ~ | D(a) |4 dadk (uy =w(k, a) ) 


if ke Ky and ae A*’ and da denotes the Haar measure on Y*. We shall need 
this result presently. 

For each «¢ we consider the character of given by é.(e(H) ) 
=exp((—1)4«(H)) (Heay,). Then obviously a> (ae A*) is also 
a non-trivial character of %*. Hence its kernel M*, is a closed subgroup 
of and dim — dim A*— 1. Let M, be the subgroup of K, consisting 
of all ke K, such that (ka), =a, for every ae M*,. Obviously Mg is closed 
and it contains 1/. Now consider the elements Y,, Z, of Lemma 34. If 


Heay, it is obvious that 
Ad(e(17))Z_ = cos «(H)Z, + (—1)*sin a(H) 
Moreover if e(H) eM*,, «(H)/m is an integer and therefore 


for ae M*,. From this we conclude immediately that Z, lies in the Lie 
algebra of M,. Since Zafmo, dim M,>dimM. But y(Ko X may be 
regarded as the image of (Ko/Ma)X M*, under an analytic mapping and 
therefore it follows from Lemma 32 that 
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dim K S dim K,/M, + dim U*, 
<= dim K, + dim A* —2 = dim U,, —?. 
Hence if V= L (Ky X U*,), V is compact and dim VS dim U,, — 2 and 
aext+ 


therefore (see Hurewicz and Wallman [6, p. 48]) the complement ¢V of 
V in U,, is connected. Moreover °V is a dense subset of U,. Now consider 


= "VN b(Ko X A*). 
Since Ky X U* is compact, U’, is closed in ‘V. On the other hand V and 
(Ko X U*’) cannot have any point in common (see Corollary 1 to Lemma 4? 


below) and therefore 
U"s 


Since y is open on Ky X YA*’, U’, is a nonempty open subset of U,. There- 
fore “V being connected, we can conclude that U’,—¢V. This shows that 
the compact set is dense in U,. Hence y(Ko K A*) =U, and 


Lemma 41 is proved. 
For any ae W%* and se W, define a*=kak where k is some element 


of M’ lying in the coset s. Then ate M* and | D(a*)|=|D(a)|. Hence 


Lemma 42. Suppose (ka,)4—(@2), (ke Then if 
a, k lies in M’ and a, in A*’. 

For ka, a,k’ where k’e Ky. Applying the automorphism @ to both 
sides we get and therefore ka,?k-* =a,”. Since a, ay, is 
exactly the set of all elements Hep, such that Ad(a,7)H =H. Therefore 
it follows from the above relation that Ad(k)ay,—ay, and so ke M’. Also 
it is now clear that a.e%*’. 

1. Suppose aeA*” and keKy. Then if wy is the order 
of W, W(k,a) has exactly wy distinct preimages in Ky K namely (ks", a*) 
(se W). 

Choose an element & in the coset Then if =y(hk,a) (ke Ky, 
a, eM *), it follows from Lemma 42 that k-'k, ¢ M’ and therefore if s~? denotes 


the corresponding element of W, = ks and a, =a’. 


Ae 


CoroLuary 2. There exists a positive number c with the following 
property. If f is any continuous function on Uy, 


J, | D(a)! da db. 
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We have seen that du, ~ | D(a) |! dadk if uz =y(k,a) and Fe Ko, ae A*’. 


Now if we define V= |) (Ko X U*,) as before, it follows from Lemma 45 
aexdt 


(Section 13) that V is a null set on U,, with respect to the measure du,. 
Similarly (J %*, is a null set on %* with respect to the measure da. Since 


U*’) our assertion follows from Corollary 1 above. 
Put J*=K,NM*. Since £,N(—1)*ay,—0, J* is both discrete and 
compact and so it is finite. It is obvious that (J*)*=J* (se W). 


LemMA 43. Let B*, be any connected component of AI*’. Then 


1” — (B*)sJ*. 


seW 
Hence M*’ has only a finite number of connected components. 


Let B*, denote the closure of B*, in M*. Since B*, is closed in f*’, 
B*, = B*,M W*’. Now define V and °V as above. Then 


(Ko B*,) cV a) W(Ko B*,) 
is both open and closed in °V and therefore, “V being connected, 
cV X B*,) and Uy (Ko X B*,). 


Now suppose ae Y*’. Then we can find elements 6 e B*, and ke Ky such that 
= (kb),. Hence (ka), = b, and therefore ke M’ from Lemma 42. This 
means that b, = (a*), for some se W and b'a8e KyN A* —J*. Conversely 
if zeJ*, z'=6(z) and soz*—1. Hence | D(az)|—|D(a)| for any ae 


This shows that (J) (B*,)*%J* is contained in %{*’ and so the lemma follows. 
seW 


Corottary. Let w* be the number of connected components of A*’. 
Then if f is any continuous function on U, 


et f* denote the function on U,, given by 


f(kak’) dkdk’. 
XKo 


0 


Then ‘ 


duy = f(u)du 


and 


f(kal’) dk’ = f*( (ka) 


Ko 


f 
| 
) 
| 
|, 
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Therefore 
f j(kak’) dkdl’ — f (kag) ck 
KoXKo Ko 


and so it follows from Corollary 2 to Lemma 42 that 


Now we can replace the integral on %* on the right by the corresponding 
integral on 2*’. We know that any component B* of %* is of the form 
(B*,)% (se W,zeJ*). Therefore if m is any element of M’ in the coset 
s, it is clear that 


B* KyXKo 


| D(a*z) da f f (kmam~zk’) dkdk’ 
Bo* KoXKo 


| D(a)|da f (kak’) dkdk’ 
Bo* KoXK 


0 


since | D(a’z)|==|D(a)). This shows that 


f, | (kak?) —w* | D(a) da f(kak’) dkdl’, 
KoXK. Bo* JK 


0 oXKo 


In particular if we take the function f—1, we get 


du=e | D(a) 
U 


and this gives our result. 
Now if we normalize the Haar measure da on %* in accordance with 


da 


Lemma 22, it follows from Lemma 39 that the numbers w* and f, | D(a) |} da 


are independent of the choice of ay,. This completes the proof of Lemma 22. 


13. Appendix. We shall now give a proof of Lemma 32. Let m and 
n be the dimensions of Mf and W respectively and let (t:,- --,tm) be 4 
coordinate system on M which is valid on some open neighborhood V of a 
point We assume =01—1,---,m. For any positive integer 
p let R® denote the Cartestian product of R with itself p times. It is obvious 
that we can chose a compact neighborhood W of 2, and a positive number 4 
such that WC V and the mapping (t,(2),- -,tm(x)) (ae W) maps 
W topologically on the cube | ¢;| ain R”. Any set W defined in this way 


| 

| 
| 

| 

( 

] 
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is called a cubic set in M (with respect to the coordinate system (¢1,---,¢m)). 
(Cubic sets in NV are defined similarly. 

Since M satisfies the countability axioms (see Chevalley [3]) we can 
find a countable family V; (t= 1,2,---) of cubic sets in M such that the 
following conditions hold: (1) M= U V; and (2) for each 1, f(V;) is con- 


tained in some cubic set in N. Therefore, in view of the sum theorem of 
dimension theory (Hurewicz and Wallman [6, p. 30]) it is enough to show 
that cimf(V;) =m for each 7. This however is an immediate consequence 
of the lemma below. 
We regard R? as an additive group in the usual way and if 
1Si=p 

Let J be the unit interval 0=¢=1 in RF and let I” be the Cartesian product 
of J with itself m times. Then J™ C R”. 


Lemma 44. Let f be a mapping of I™ into R” such that 
| f(b) —f(a)|Se|b—a| (a, beI™) 


where c is a fixed number. Then dimf(I”") =m. 


It is enough to prove that the Hausdorff (m-1)-measure of f(J™) 
is zero (see Hurewicz and Wallman [6, p. 104]). But this follows at once 
from our hypothesis on f and the fact that the Hausdorff (m + 1)-measure 
of I™ is zero (Hurewicz and Wallman [6, p. 103]). 

Let » be a Borel measure on N. We say that yp is locally euclidean if 
the following condition holds. For each x, in N we can find a cubic set W 


in NV with respect to a coordinate system (¢,,- - -,¢,) such that (1) 2, lies 
in the interior of W and (2) pw is completely continuous (on W) with respect 
to the Euclidean measure dt=—dt,: - -dt, on W. 


Lemma 45. Let N be a manifold satisfying the countability axioms 
and let » be a locally euclidean measure on N. Then if Q is any subset of 
N with dimQ < dim N, Q ts a null set with respect to p. 


We can cover N by a countable family of cubic sets Vi +—1,2,-- -. 
For any fixed i, choose a coordinate system (t,,- - -,¢,) valid on some open 
neighborhood of V; such that V; is a cubic set with respect to this system. 
Obviously it would be enough to prove that QM V; is a null set with respect 
to the measure dt = dt,- - -dt,. So we have to prove the following lemma. 
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Lemma 46. Let Q be a subset of I" such that OimQ <n. Then Q is 
a null set with respect to the Euclidean measure on I". 


Since dim Q <n, the Hausdorff n-measure of Q is zero. Our assertion 
therefore follows immediately from the definition of the Hausdorff measure, 
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LIE AND JORDAN SYSTEMS IN SIMPLE RINGS WITH 
INVOLUTION.* 


By I. N. HErsteE1n. 


In previous papers, ([3], [4], [5]), the author has recently considered 
the question of Lie and Jordan simplicity of simple, associative rings and 
of certain subsets thereof. Baxter [1] completed certain cases, namely 
characteristic 2 and 3. These considerations were motivated by the classical 
results (in the theory of simple Lie algebras) which yielded that total 
matrix algebras over fields of charateristic 0 gave rise, in a natural way, to 
simple Lie algebras. 

However, in the total matrix algebras over fields, adjoints (involutions) 
can be defined in a variety of ways, and it was also known classically that 
the skew elements under the adjoint also led to simple Lie algebras; more 
recently, it has been demonstrated that the self-adjoint elements yield simple 
Jordan algebras. With these examples as motivation, we proceed, in this 
paper, to study the general situation, namely the Lie and Jordan structure 
of the skew and self-adjoint elements of arbitrary simple rings possessing 
involutions. 

In the course of this study several other results, interesting in their own 
rights, fall our way. For instance we prove (Theorem 9) that the subring 
generated by the self-adjoint elements is A except in the 4-dimensional case ; 
this generalizes a result of Dieudonné [2]. We also show that under the 
same conditions, as above, the skew elements generate the full ring (Theorem 
15); this is considerably more difficult than the case of the self-adjoint 
elements. There are also some special results about representations in various 
forms of self-adjoint elements and also concerning the taking of commutators 


twice of the skew elements. 


1, Preliminaries. Let A be a simple ring of characteristic different 
from 2. We say a mapping, *, from A to A is an adjoint or involution on 
A if 
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(1) a** =a, (2) (a+ b)* =a*-+ (3) (ab)* = b*a*, 


for all a, b in A. 

As usual, we define S, the set of self-adjoint elements of A, by 
S-={reA|ac*—-a}. Clearly 8S is an additive subgroup of A. Moreover, 
if abe S then ab+baeS. Thus S is a Jordan subring of A under the 
Jordan product which is defined in A by roy=ay+ yar for z,yeA. An 
additive subgroup, U, of S is said to be a Jordan ideal of S if whenever 
ueU, then 

We further define K, the set of skew elements of A, by K = {eA | 2* 
——vz}. As is readily verified, K is an additive subgroup of A, and if 
x,yeK then ry—yxeKkK. Thus K is a Lie subring of A under the Lie 
product [2,y] defined in A by [z,y]—avy—vyer for all z,yeA. We say 
that an additive subgroup, U, of K is a Lie ideal of K if xe K, we U implies 
that au—ureU. 

Certain facts about adjoints are trivial and we shall make use of these 
throughout the body of this paper without proof, explanation or reference; 
such facts include, for instance, se ke K then 
sk +kse K, sk—kseS, ete. 


2. Jordan simplicity of S. The purpose of this section is to show 
that the results from matrix theory extend to general simple rings, that is, 
that S is a simple Jordan ring. Throughout this section U will denote a 
non-zero Jordan ideal of S. Our purpose is to show that U =S. 


LemMA 1. a,yeS and ueU then U. 


Proof. Since U is a Jordan ideal of S§ and since ry + yreS, it follows 
that yr)u+u(ry+yr)eU. However, 


(ry + yr)u + u(ary + yz) 
= {x(yu+ uy) + (yu+uy)x} + ru)y— y (ur — zu) }. 


Now yu-+uyeU since U is a Jordan ideal of 8; thus, by the same token, 
(uy + yu) + (uy+yu)creU. That is, the first { } on the right-hand 
side of the relation above is in UV. Since the left-hand side of this identity 
is also in U, we are left with the fact that the second { } on the right-hand 
side must be in U. That is, (ue—au)y—y(ur—zau) is in U, which is 
the required lemma. 


LEMMA 2. If weU, be K then bu?—wdeU. 
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For, ub—bueS, and so (ub—bu)u+u(ub-— bu) eU; since 
(ub — bu)u + u(ub — bu) = u*b — bu? 
this completes the proof of the lemma. 
LemMA 3. Jf weU, ceS then rureU. 


Proof. 2cux = {x(xu + ux) + (xu + ur) x} — uz?}. Since U 
is a Jordan ideal of S, and since z*eS8 along with z, both { } on the 
right-hand side are in U, and so 2xureU. Thus 2(2rux)eU; that is 
(2x)u(2x)eU for all ee S. Since the characteristic of A is not 2, it is 
easily seen that 2S hence (2x)u(2x)eU for all implies cure U 


for all 
Jf and ueU then cuy+ yureU. 


For, linearizing the result of the lemma by replacing « by ++ y the 
corollary follows immediately from the lemma. 

Our aim is to show that au*b + b*u*ta* is in U for all a,be A. We 
have, in the corollary above, disposed of the case a*—a, b*=—b. We 
proceed in the next few lemmas to consider the other special possibilities, 
a* = —a, b* =+ b, a* =—a, b* =—}, and then to combine them for the 
result at the opening of this paragraph. We now show 


LEMMA 4. If weU, be S,aeK then bu’a—aubeU. 


Proof. By Lemma 2, since ae K, u2a—au?eU. Then, U being a Jordan 
ideal of S, b(w?a—au?) + (u?a—au?)beU. Now 


(1) b(u2a —au?) + (u2a— au?) b = bu?a — au?b — bau? + u?ab. 
Consider 
(2) a(u?b — + (u*b — bu?) a = au*b — bu*a — abu? + u?ba. 


Adding (1) and (2), the right-hand sides add up to u?(ab + ba) — (ab + ba)u?; 
since ab + bac K, by Lemma 2, u?(ab + ba) — (ab+ ba)u? is in U. Thus 
the sum of the right-hand sides of (1) and (2) is in U; consequently the 
sum of the left-hand sides is also in U. Since the left-hand side of (1) is 
already in U, we obtain that the left-hand side of (2) must also be in U. 
Thus, if we now subtract (1) from (2) we observe that the elements we get 
on each side of the resulting equation are in U. In particular, the difference 
of the right-hand sides is an element of U ; whence 


(3) 2 (au*b — bu*a) + (ba—ab)u? + u?(ba—ab) e U. 


by 
eT, 
he 
An 
eT 
if 
ie 
Ly 
eg 
se 

n 

a 


632 I. N. HERSTEIN. 


Now 2u?—uu-+uueU, so + s2u® —u?(2s) + (2s)u?eU for all 
and since 28=—S8, we have u*s+su*eU. In particular, in (3), since 
ab—baeS, u?(ab—ba) + (ab—ba)u*eU; from which (3) reduces to 
2 (au?b — = au?(2b) — (2b)u2ae U. Since 28=—S this gives rise to 
au?b — bu?ae U for all ae K, be S, we U, which is Lemma 4. 

LemMMA 5. If ae K, ueU then autaeU. 

Proof. By Lemma 2, au?—w’aeU. Thus 2(au*—w’a)*eU, and so 
4 (au* = ((2a)u*—u?(2a))*eU. Since 2K —K, (as is easily seen) 
we obtain that (aw?—u*a)*eU for allaeK, ueU. But 


(au? — u?a)* = { (au?a) + u*(au?a) } —u*?a?u? — auta. 
Since au*ae S, as we saw in the proof of Lemma 4, (au?a)u? + u?(au7a) U. 
Also 
2u7a7u? = { (u?a? + a*u?)u? + u*?(u?a? + a*u*) } — {uta? + a?u'}, 

and since a*e8, both { } are in U, so 2u?a?u?e«U, from which, as before, 
Thus we obtain that autae U. 

Linearizing the lemma we have 

If a,be K then for ue VU, auth + butae U. 

We are now able to prove 


THEOREM 6. Jf weU,r,teA then rutt + t*utr*e U. 


Proof. Clearly r—=ro+r, where meS, 7; 
—=4(r—r*)), and where t)e Thus 


rust + t*utr® = (ro + 17, )ut(to + t1) + 1 )ut(to — t1) = (routty + 
+ (routt, — tyutro) + (riutt, — tou*r,) + (rutt, + t,u4r,). 


By the corollary to Lemma 5, since 7,,t,eK, (ryu*t, + tur.) eU.. Since 
2u*? U, 4u*e U, and since 28 = 8S, by Lemma 3, (rowtt, + tou*ro) eU. Since 
2u?eU, and since 28 by Lemma 4, (routt, —t,u*ro) eU and likewise 
(r,u‘t, —tou*r,)eU. Thus each component piece in the expression for 
rust +- t*utr* is in U, so rutt + t*utr*eU for all r,te A. 


THEOREM 7. If UAS then ue VU implies that ut=0. 
Proof. Suppose that u*+40 for some ue U. Since A is a simple ring, 
AutA =A. Thusif ye A, y= > where t;¢A. Hence y* = > t;*utr;*. 
But then y + y* = DS (ryutt; + t;*u*tr;*) and so in U since each ryutt; + t;*utr;* 
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is in U by Theorem 6. That is y+-y*eU for every ye A. Since every 
element of S is so representable we obtain U —S, a contradiction. In this 
way we are forced to u* for all we U. 

We are now able to prove the principal theorem of this section. 


THEOREM 8. If A is a simple ring of characteristic #2 then S 1s a 
simple Jordan ring. 


Proof. Suppose U is a Jordan ideal of S and that US. If red, 
ue U and +n, roeS, then 


ur + = (ro + 11) + (To = (u? ro + rou?) + (wr, — ru), 


and so is in U’ by Lemma 2. Consequently by the previous theorem, 
+ r*u?)*=0. Since u*=0, multiplying (w?r-+ r*u?)*=0 by u? from 
the right and r from the left we have r(u?r + r*u?)*u? = 0; simplifying this 
we obtain (ru?)°—0. But then Aw? is a left-ideal all of whose elements 
are nilpotent of index 5; by a theorem of Levitzki [9], Au? must be locally 
nilpotent. If Au?40, by another theorem of Levitzki [10], 4 must possess 
a non-zero locally nilpotent two-sided ideal. The simplicity of A then forces 
A to be locally nilpotent; this is impossible in a simple ring [3]. Thus 
Au? = (0) and because A is simple, u? 0 results. That is, u2—0 for every 
ueU. Therefore for every u,veU, uv+vu= (u+v)?—wv?—v?=0. If 
ceS, and so u(zu+ur) + (cu+ux)u=0. This reduces 
to 2uau—0 since u2=0. A has characteristic ~2, thus wau—O0 for all 
eS. If ae K, auaeS, so by the above uwauau—u(aua)u—0. If r is any 
element of A, r—=7)-+7,, where roe S, whence 


UrUrU = U(%o +11) U(% + 11) = = 0. 


In this way Aw is a left-ideal in which every element is nilpotent of index 3. 
Using the argument as above we are led to Au= (0), andsou=0. That is 
U=(0). Thus the only proper Jordan ideal of S is (0), consequently S 
is a simple Jordan ring. 

The following theorem is a generalization to the case of an arbitrary 
simple ring of a result Dieudonné proved for division rings [2]. We shall 
need it for use later in this paper when we study the Lie ideal structure 
of K. 

We first define: If B is a subset of A then B is the subring of A 
generated by B. 


THEorEM 9. If A is a simple ring of characteristic A2 and if Z, the 
center of A, is (0) or if A ts more than 4-dimensional over Z, then S=A. 


1] 
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Proof. By its very definition S is a subring of A. We claim that S is, 
in addition, a Lie ideal of A. For, if ae 8S, se S, clearly as —saeS8. On the 
other hand, if b,aeS, keS, then abk—kab=—a(bk—kb) + (ak—ka)b 
and so is in S§ since [K,S] C 8; continuing in this way, we have ak —kae§ 
for allaeS, ke K. Since every re A can be written as r—=s-+hk with se 
and ke K, we obtain that ar—raeS for all ae S and all re A. Thus S isa 
Lie ideal of A. By Theorem 3 of [3] either S=A or S C Z, the center of A. 
Suppose SA; then the other possibility, S C Z, must prevail. In particular 
SCZ. CZ, kek. Thus eZ 
since k?e¢8. Therefore every element of A satisfies a quadratic equation 
over Z. In this discussion Z 4 (0) (otherwise S C Z is nonsensical), so A 
is a primitive ring, in which every element satisfies an equation of degree 2 
over the center. By the work of Jacobson [6] this implies that A is at most 
4-dimensional over Z. The proof of Theorem 9 is thereby completed. 


3. The Lie ideals of K. We now turn our attention to the problem of 
finding the possible Lie ideals of K. Let U be a Lie ideal of K; our aim is 
to show that either (’ C Z or 1’ D[K,K|. Our starting point in these con- 
siderations is 


LemMaA 10. we U, reS then 


Proof. Since CK, it follows that vu+ureK. Conse- 
quently = (ru + ur)u—u(ru+ur)eU since U is a Lie ideal 
of K. 

In the case of Jordan ideals we had that wu in the ideal implies that 2u’ 
is also in that ideal. In the Lie case we have no such closure under 
squaring, but the next lemma provides a substitute, showing that although 
u® need not be in U although we UW’. u® does have a close relation to U. 


LemMA 11. weU and then wWe—auweU; that is K|C U. 


Proof. Since cu + ure 8, by Lemma 10, (vu + ux)u? — u?(au + ux) e U. 
In other words, cu? — + uru?—u*2ue U. However, urue K, from which 
it follows that wru? —u?ru—=uru-u—u-urueU. By the above we are 
left with completing the proof. 

For U a Lie ideal of K, we define T(U) by T(U) = {ve K |[#. K] C U}. 
We note some properties of T7(U) in 

Lemma 12. T(U) is a Lie ideal of K; moreover U CT(U). 


Proof. That U C T(U) is, of course, nothing more than the definition 
of a Lie ideal of K. It is also clear that T(U) is an additive subgroup of U. 


as 
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To prove the lemma there remains but to show that [T(U),K]C T(U). 
Since [7(U), K]C U by definition, and since U C T(U), this fact follows 
easily also. 

Although wel need not imply that uieU we note 


LemMA 13. ¢teT(U) implies that Pe T(U). 


Proof. Suppose that te T(U), ce K. We must show that U. 
Now if seS, fs-—st? =t(ts + st) — (ts—st)t is in U since ts+steK. 
In particular, for s = ta + at, 

(te+ et) — (te + at)? = Be—al? + t- tat —tat-t. 
Since tate trl-t—t-tateU; whence and #eT(U). 
Although we do not need the concept in this paper, we feel that it 


will prove useful in further considerations on the Lie structure of rings 
with involutions, so we define: 


U is a strong Lie ideal of K if we U implies that uee U. 
We note the following corollary to Lemma 13: 
Corottary. If UD [K,K] is a Lie ideal of K then U can be imbedded 
in a proper, strong Lie ideal of K. 


For if D[ AK, K], T(U) AK. Since, by Lemma 13, T(U) is a strong 
Lie ideal of A and U C T(U) the corollary follows. 

Let Kok be the additive subgroup generated by all ry+ yx where 
rand y range over K. Clearly Kok CS. 

LemMMA 14. S=[K,8]+ Kok. 

Proof. As noted above, KoK CS. It is equally trivial that [K,S] C 8. 
We claim that [K,S]+ KoK is a Jordan ideal of 8. It is obviously an 
additive subgroup of S. Suppose now that a,be K and seS. Thus 


(ab + ba)s + s(ab + ba) 
= {a(bs — sb) — (bs — sh)a} + {(as + sa)b + b(as + sa)}. 
The first { } is in [K,S8] since bs—sbeS; since as+-saeK, the second 
{} isin KoK. Consequently (KoK)oS8 C[K,8]+ Kok. 
On the other hand, if ae K, s,te 8 then 
(as — sa)t + t(as — sa) 
= {a(st —ts) + (st —ts)a} + {(at + ta)s —s(at + ta)}. 
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Since st —tse K, the first { } is in KK; since at-+ tae K, the second { } 
is in [K,S]. Thus [K,S]oS C[K,8S]4+ Kok. 

In other words, [K,S]-+ KoK is a Jordan ideal of S. By Theorem 8 it 
follows that S = [K,S]+ (the desired result) or [K,S]+ Ko K = (0). 
We wish to rule out the second possibility. If [K,S]-+ KoK (0), then in 
particular, ke K implies that k?>=0. Also, ke K and seS implies that 
ks=sk. Thus 0=—k’s=ksk; that is kSk—(0). If, on the other hand, 
ae K, then ka+ak=0 since it is in Ko K = (0); multiplying this on the 
right by k we obtain kak—0; hence kKk=—(0). Since A=K-+4%8, 
kAk=k(K+S8)k=kKk+kSk=(0). kA is, in this way, a nilpotent 
right ideal, which is impossible in a simple ring unless k =0. Since K ~(0) 
(otherwise A is a commutative field), [K,S]-+KoK = (0) is not a pos- 
sibility, and so it is equal to the only other possibility, namely 8. 

We recall that K is the subring of A generated by K. Although the 
next theorem is of some independent interest, it is the essential key to all 
the results that follow. 


THEOREM 15. If A has a trivial center or if A is more than 4-dimen- 
sional over its center then K =A. 


Proof. By definition, K C K. We now consider those cases for which 
S C K will be provable. 

Let a,be K, and let seS. Thus sa+aseK, and so (sa+as)bek. 
That is, sab+asbeK. Similarly sha+bsaeK. Subtracting these two we 
obtain that s(ab — ba) + asb—bsae K. However, ash — bsa = ash — b*s*a* 
= ash — (asb)* and thus is in K, and so in K. Consequently we have 
demonstrated that s(ab—ba) eK. Rephrasing this, S(ab—ba)C K. How- 
ever, since ab—bae K, K(ab—ba)C K, and sincee A—K-+S, we obtain 
that A(ab—ba)C K for alla,be K. Similarly, if c,de K, (ed —dc)A CK. 
Since K is a subring of A, and since both A(ab—ba) and (cd—dc)A are 
contained in K, A(ab—ba)(cd—dc)A CK. A is a simple ring and 
A(ab — ba)(cd —dc)A is a two-sided ideal of 4, so either A (ab — ba)(cd — dc)A 
= A, in which case A C K, the desired result, or A(ab — ba)(cd —dc)A = (0) 
for all a,b,c,deK. We consider when the second possibility can hold. In 
that case, by the simplicity of A, (ab — ba) (cd —dc) =0 for all a,b,c, deX. 
Since K(cd—dc)A CK, the same argument as used above leads to 
(ab — ba) K (cd —dc) = (0) for all a,b.c,deK. Suppose now that seS, 
c,deK. Then 


s(ed + dc) — (ed+dc)s 
= {(se + es)d—d(sc + + {(ds + sd)e—e(ds + sd)}. 


h 
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Since sc + cse K, the first { } is in [K,K]; similarly the second { } is in 
[K,K]. Thus the left-hand side is in [K,K]. But then, since we know 
from the argument above that (ab —ba)[K,K]= (0) for a,be K, we have 
that (ab —ba){s(cd + dc) —(cd+dc)s} (0) for all a,b,c,deK and 
seS. If we further suppose that d = ef —fe where e,fe K then (ab—ba)dc 
—() and (ab — ba)cd =0 since it is contained in (ab — ba) Kd = (0); and so 
(ab —ba)(cd+ dc) =0. Thus (ab—ba){(ced + dc)s—s(cd + dc)}=0 
reduces to (ab — ba)s(cd + dc) =0 for all se S, when d=ef—fe. That is, 
(ab — ba) S(c(ef —fe) + (ef —fe)c) (0) for all a,b,c,e,feK. Since, 
in addition, (ab —ba)K(c(ef —fe) + (ef —fe)c) =(0) (since it is con- 
tained in (ab—ba)K(ef—fe) —(0)) and sincee A=K-+S, we obtain 
(ab — ba) A (c(ef —fe) + (ef —fe)c) = (0) for all a,b,c,e,feK. We wish 
to show that ab = ba for all a,be K. If not, that is, if ab -—ba 0 for some 
a,beK, then by the simplicity of A, c(ef —fe) + (ef —fe)c=0 for all c, e, f 
in K. If seS then c= (ef —fe)s+s(ef—fe) is in K and so c(ef—fe) 
+ (ef —fe)c 0 implies, since (ef —fe)? 0, that 2(ef — fe)s(ef —fe) —0; 
that is, (ef —fe)S(ef —fe) = (0). Since, from before, (ef —fe)K (ef —fe) 
= (0) we are led to (ef —fe)A(ef —fe) = (0), which forces ef —fe —0 by 
the simplicity of A. So, KA has resulted in ab =ba for all a,be K. In 
particular, if ae K, a? commutes with all elements of K. Now if ae K, se8, 
then as + sae K, and so a(as-+ sa) = (as-+sa)a; in simplifying this says 
that a*s = sa® for all se S. Since a? commutes with all elements of K and 
of S. and since K + S—A, a? commutes with all elements of A. Conse- 
quently a*eZ, the center of A, for all ae K. Linearizing this we obtain 
that ab-+ ba is in Z for all a,be K, and so KoK CZ. Since ab=ba, we 
have that 2ab—=ab+baeZ. Thus a,beK implies that abeZ. Since 
Z==(0) or Z is a field, ab =0 or a has an inverse in A for alla,be K. Ifa 
has an inverse for some ae K then so does b for every b 40e K, for ab 40eZ 
and so has an inverse, whence } has an inverse in A. We rule out the 
possibility that no ae K has an inverse in A. For then, since a?eZ, a? 0 
results; also, since abe Z, ab=0O for all be K. Since b—as+saceK, for 
seS, a(as + sa) =0, and so aSa= (0); since aKa=a’?K = (0), we obtain 
ada== (0), and so a=O because A is a simple ring. Thus we must assume 
that every a0eK has an inverse in A. If b40eK, ab=dAEZ, A, 
whence a-ab =a, and since a2 =p~0eZ, we are left with b —D’a where 
VveZ. Thus K = {ia} for appropriate Xs in Z. 

If se 8 then (as — sa)? sas + sas-a— as?a—sa*a, and since sase K, 
a-sas + sas-aeZ; also as?a + sa*s =as*a + (since a? eZ) =a(s?a + as?) 
eZ since s*a-+-as*e K. Thus (as—sa)*eZ for all se S. Since S=[K,8] 
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+ Kok, and since K = {da}, and since KoK CZ, we have that every 
element s of S can be written as s = A(at —ta) + pforaA,peZandteS. Since 
every re A can be written as rs -+k we have that r—A(at + ta) ++ a 
for A,p,%eZ, te S. Thus 
(r—p)* (at — ta)? + aa? + ar{a(at—ta) + (at—ta)a}. 

Now, (at—ta)*eZ, a®eZ and a(at—ta) + (at—ta)a=a’*t — ta? =0, s0 
(r—yp)*eZ. Thus every reA satisfies a quadratic equation over Z. As in 
the argument used in proving Theorem 9, A is at most 4-dimensional over Z. 
Theorem 15 is now completely proved. 

It will be useful to show 

LemMaA 16.1 Jf u,veU then uvueT(U) and 

Proof. To prove that uvrue T(U) we need but verify that [wvu, K| CU. 
Let ce K. Thus 


uvux ruvu = {u(vuxr + ruv) — + ruv)u} + {vuru—uruv}. 


But vur + ruv = vur — (vur)*e K, so the first { } is in U since U is a 
Lie ideal of K. Since uxue K and veU, the second { } is also in U. Thus 


uvur —xuvue U, and so wueT(U). Now 
u?v + vu? = {u(uv — vu) — (uv — vu)u} + 2uvu, 


and since weueT(U) and since u(uv—vu) — (uv—vu)ueU CT(U), 
u’v + vu? also is in T(U), proving the lemma. 
If U is a Lie ideal of K we define B(U) by: 


B(U) ={xeS8|au+ureT(U) for all weU}. 
By Lemma 16, we U implies that u?eB(U). 


LemMaA 17. Let xe B(U); then (ru—ur)y+ y(au—ur)eT(U) for 
all ye K. 


Proof. 


(ru —ur)y + y(ru— ur) 
= {a(uy—yu) + (uy—yu)x} + + + yz)}. 


Since wy—yueU, and since re B(U), the first { } on the right-hand side 
is in T(U). Since zy+yxeK, and since weU, a Lie ideal of K, the 


second { } is in U, and so is in T(U); this proves the lemma. ‘ 


'The proof is patterned after a suggestion of Willard E. Baxter. 


i 
C 


ry 


or 


de 
he 


SIMPLE KINGS WITH INVOLUTION. 639 


The lemma motivates the following definition: for U a Lie ideal of K, 
O(U) ={xeS|ay+yreT(U) for all ye K}. 


By Lemma 17, [U,B(U)]C C(U). 

Let u,veU. Thus we B(U). Hence u2v—vu?eC(U). Therefore 
(u2v — vu?) k + k(u’v —vu*) eT(U) for all ke K. On the other hand, 
if se S, 

(u?v — vu?)s—s(u?v — vu*) 

== {u?(vs—sv) — (vs—sv)u?} + {(w?s — su?) v — v(u?s — su?) }. 

Since vs —sveS, the first { } is in U by Lemma 10. Since u?s—su?eK, 
the second { } is also in U. Thus the right-hand side is in U, consequently 
it is in T(U). Thus (u?v—vu?)s—s(u?v—vu?)eT(U) for all seS8. 
Given any element re A, r=r)+7, where and r,eK. Computing 
(u?v — vu?) — ((u®v —vu*)r)* in terms of r, and r, and using the above 
discussion we see that (u?v—ru*?)r— ((u?v— vu?)r)* is in T(U) for all 
re A. We summarize this in 

THEOREM 18. Let U be a Lie ideal of K, and let u,veU, re A; then 

(u?v — vu?)r— ((wv—vu?)r)*eT(U). 


We now define for U a Lie ideal of K, G(U) by 


By Theorem 18, u2v—vu?eG(U) for all u,veU. 


THEOREM 19. Let A be a simple ring of characteristic 42 and suppose 
that either Z, the center of A is (0) or that A is more than 4-dimensional 
over Z. If U isa Lie ideal of K and if U_D[K,K] then G(U) = (0). 


Proof. Let gA0eG(U); thus for any reA 
(1) gr—r*g*eT(U). 
Thus, if ke K, since T(U) is a Lie ideal of K, 
(gr —r#g*)k —k(gr—r8g*) eT (U). 
However, 
(gr —r*g*)k — k(gr —r*g*) = g(rk) + (ler*)g* —1r*g*k —kgre T(0). 


Since grk + kr*g* = g(rk) — (rk)*g*, it is in T(U) by (1). Thus we 
obtain 


= 
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), G(U) ={geA|gr—r*g*eT(U) for all re A}. 
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(2) r*g*k+kgreT(U) for all red, kek. 
Let k,,k.eK. Since T(U) is a Lie ideal of K, by (2) we have that 


(r*g*k, + +khigr)eT(U). 
That is, 
kigrk, — k.r*g*k, + (rkz)*9*k, —kokigre T(U). 
However, 


kygrk, —kyr*g*k, = (tke) + (rkz)*g*k, 


and so is in T(U) by (2). We thus are led to r*g*k,k, — (k,k.)*greT(U). 
Continuing in this way we obtain r*g*k— (k)*greT(U) for all ke K and 
allreA. By Theorem 15, K =A if the center of A is trivial or if A is more 
than 4-dimensional over Z, so in these cases we have that r*g*t* — tgre T(U) 
for all t,re A. Since A is simple, and since g~0, A=AgA. Thus, given 
Then y* = > t,*g*r;*, and soy — y* = (rigti— t;*g*r;*). 
Since each rgt;— t;*g*r;*eT(U) by the discussion above, we obtain that 
y—y*eT(U) for all ye A. However, every element in K has such a 


representation in the form y—y*; we thus obtain T(U)=—K. By the 
definition of T(U) this is equivalent with U D[K,K]. Since we assumed 
DD [K,K] we are led to a contradiction, and so G(U) = (0). 


We assume henceforth that Z=(0) or that A is more than 4-dimen- 


sional over Z. 


Since for U a Lie ideal of K, u2v—vu?eG(U) for all u,ve VU. and 
since, by Theorem 19, if U D[K,K], G(U) = (0), we have 


THEorEM 20. Jf UD[K,K] is a Lie ideal of K, and if u.vel, 


then u?v = vu’. 
We now prove 


THEOREM 21. Suppose U is a Lie ideal of K in which u? =0 for every 
ueU. Then U=(0). 


Proof. We suppose that u* for every ueU. LetueU, ke K. Thus 
2uku = (uk —ku)u—u(uk—ku)eU. Since 2K = K, we obtain ukue U for 
all ke K and alluweU. If u,veU then uv+vu= =), 
so left-multiplying this by v we obtain vuy —0 for all v,we U. Since ukue U, 
we also have v(uku)v=0. That is, vukuv =—0 for all u,veU and kek; 
since wv=——vu we can obtain vukvu=—0O for all v,weU and all keX. 
Let we U and seS. Thus sw+wse K, whence vu(sw+ws)vu=0. Left- 
multiplying this by w we obtain wvu(sw+ws)vu=0. However, since 


"y 
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weU, thus and since 
(0 = wevu(sw + ws)vu, this reduces to (wvu)s(weu) =0; in other form this 
says wouSwou = (0). Since we have already established that wwuuKwvu = (0), 
and since A = K + S, these combine to yield weuAwvu = (0). The simplicity 
of A then leads to weu=0 for all w,v,ueU. If ke K, let w= ku—ukeU; 
hence (ku —uk)vu = 0, and since uvu = 0, we arrive at ukvu=0 for all ke K. 
Put k—=sv-+ vs where se S. Then 0=u(sv + vs) vu = uwvsvu = uvsuv since 
(0, uw—=—vu. That is, wSuv= (0). As we already have established 
that = (0), we reach uvAuv = (0), and so for all u,veU. 
Put v-=uk—ku where ke Since u?=0, uv=0 yields that uku=—0 
forallke K. IfseS, suse K and so u(sus)u = 0, by the above. If re A, then 
r=s-+hk when seS, ke K and so ururu—u(s + k)u(s + k)u = ususu = 0 
since uku=0. Thus wA is a nil right-ideal of A in which each element is 
nilpotent of index 3. As we have previously shown in this paper this is 
impossible in a simple ring unless uA = (0); but then uO. Thus we 
have shown that U = (0), proving Theorem 21. 


THEOREM 22. Let U be a Lie ideal of K and suppose that U D [K,K]. 
Then we U implies that ure Z, the center of A. 


Proof. Since u?v =vu? for all u,v in U, by Theorem 20, u? is in the 
center of U, the subring generated by U. Now, u?s—su?eU CU by 
Lemma 10 for all se S. Also u*k—ku? = (uk —ku)u + u(uk—ku) and 
since we U, uk—kweU, each of u(uk—ku) and (uk—ku)u is in U for 
keh; thus wtk—ku?e But then w2a—au?eU for all ae A. Since wu? 
is in the center of U, u?(wa—au?) = (wa—au?)u? for all ae A, we U. 


The theorem will thus be proved when we prove 


SuBLEMMA. Let A be a simple ring of characteristic #2. Suppose 
te A is such that t(ta—al) = (ta—at)t for all ae A. Then teZ. 


This sublemma has some independent interest. To prove the sublemma 
we proceed as follows. 

We know that ¢(¢tr—vrt) = (tr—rt)t for all re A. Let pe A. Thus 
(trp —rpt) =(trp—rpt)t. But trp—rpt = (tr—rt)p+ r(tp— pt). Thus 
t(trp—rpt) =t{(tr—rt)p + r(tp— pt) } = (tr —rt)tp + tr(tp— pt) since 
tr —rt commutes with ¢t. Similarly (trp —rpt)t = (tr—rt)pt + rt(tp — pt). 
Kquating the two, transposing and simplifying we arrive at 2(tr— rt)(tp — pt) 
= 0), and since the characteristic of A is not 2, we have that (tr — rt)(tp — pt) 
=( for all r,peA. In particular, for p—ar, 


(1) (tr — rt) (tar —art) =0 for all a,re A. 
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Since tar—art = (ta—at)r-+a(tr—rt) and since (¢r—rt) (ta—at) =0, 
(1) yields that (tr—rt)a(tr—rt) 0; that is, (tr—rt)A(tr—rt) = (0), 
This is impossible in a simple ring unless tr—rt—0. Thus teZ and the 
sublemma is established. Since w?(u?a —au*) = (u?a—au?)u? in the theorem, 
u*eZ follows, and the theorem is proved. 


Corotiary. Let U be a Lie ideal of K and suppose that U D [K, K]. 
Then u,veU implies that uv+ vueZ. 


We now are able to dispose of the situation in which Z— (0). Indeed 


THEOREM 23. Let A be a simple ring of characteristic 42 whose center 
Z—(0). If UA (0) is a Lie ideal of K then U D[K, K]. 

Proof. 1f UD [K, K] then by Theorem 22 we U implies that u? e Z = (0). 
Consequently u? = 0 for allweU. By Theorem 21 this results in U = (0). 

Having, in this way, settled the case Z = (0) we henceforth assume that 


Z~(0). 


The * of A induces an automorphism on Z. Two possibilities now 


confront us, namely 
(1) A* =x for all Ae Z, an involution of the first kind, 
(2) Ay for some pe Z, an involution of the second kind. 


In the case of an involution of the second kind, A = »* —p~0 is in Z 
and is such that A*——A. Thus (2) is equivalent to 


(2’) = for some 


Our discussion first turns to the case (2’) in which there is a skew 
element in the center of A. 

Let peZ, p* =—p 0. Let U be a Lie ideal of K and we further 
suppose that UD [K, K]. 

If se S then pse K, hence for all weU, u(ps) — (ps)ueU; that is 
p(us—su)eU. If ve, by the corollary to Theorem 22, 


p(us—su)v + v(u(us—su))eZ. That is p((us—su)v + v(us —su)) & Z. 


As a consequence, since »~0eZ, (us—su)v+ v(us—su) eU for all seS 
and all u,veU. In particular, if ke K, k?e¢ 8, whence 


z= (uk? —k*u)v + v(uk? — 


is in Z. Since wk? —k*u = (uk —ku)k + k(uk—ku), it is readily verified 
that 
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z= { (uk — ku) (vk —kv) — (vk —kv) (uk —ku)} 
— {((uk —ku)v + v(uk —ku) )k + k( (uk —ku)v + v(uk — ku) )}. 


Since both v and uk —ku are in U, (uk —ku)v + v0(uk—ku) =dAu,v) €Z. 
Also, since uk —ku and vk —kv are in U, the first { } on the right-hand side 
is in U. Thus 2A(u,v)k—=u,+2, where aeZNnK, (41=—2). 
If A(u,v) 40 for some u,veU, since A(u,v) is also in S we would have 
that ke U + Z. This is precisely what we need, so we claim next that given 
ke K, A(u,v) 40 for some u,veU. That is, we claim that it is impossible 
that (uk—ku)v + v(uk—ku) =0 for all u,veU where kfU+Z, kek. 
For, if so, let w= uk-—ku. By assumption wv + vw =0 for allveU. Thus, 
if U, since we + rw = we + =0, w commutes with vz and with av, 
and so with vwr—zv. Since ve—aveU, + 
that is, 2w(va—.av) =0, whence w(ve—av) =0. We have thus obtained 
w[U,U] = (0). Since [U,U] C U is a Lie ideal of K and does not contain 
[K,K], if [U,U]~ (0) by Theorem 21 there is an element te [U,U] with 
?~0eZ. Since wt —0 we obtain w = 0. If, on the other hand, [U, U]= (0), 
then given u,veU, uww=vu. Since uv-+vueZ we obtain that 2uveZ, 
whence uve Z. If u?0, then uwv0 since u?eZ and so has an inverse in 
A. Since uv ~0eZ and since u?eZ, we have that for some 
VeZ. That is, UV = {Au} for appropriate in Z. Since uk’ —k’ueU for 
all k’e K, uk’ —k’u=d2u. Since, however, 


u(uk’ —k’u) + (uk’ —k’u) = u?k’ — k’u? =0 


we see that 2Au27—0, and soA=0. That is uk’ for all k’e K. But 
if the dimension of A over Z exceeds 4, K =A, and since ue U commutes 
with every element of K, it does so with every element of K. That is, U C Z. 
This is precisely what we should like to prove. So we assume this possibility 
is ruled out. This returns us to our only other possibility, namely that 
w=uk—ku—0O for all weU and all kf¢U+Z. Thus uk—kw for all 
ueU and all k¢U+Z. Suppose that U-+-ZAKA~K. Then there is an 
element K, ko fAU+ZNK. Thus kou—uk, for all ue U. If 
then ky + v is also not in U+Z0K, thus (kp + v)u=u(ko +). Since 
uky =k u, this leads to uv—vu for all u,veU. As we saw above, this 
forees UC Z. So the assumption U@Z leads to K=U+ZNK. But 
then [K, K] =[U,U] C U, contradicting that U D[K,K]. We summarize 
all this into 


THEOREM 24. Let A be a simple ring of characteristic ~2 and 
suppose that Z4 (0). We further suppose that for some 
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eZ. If A is more than 4-dimensional over Z and if U is a Ine ideal 
of K then 


(1) either U CZ or (2) U > [K, K]. 


The situation (2’) where A4* =—A-=0 for some AeZ is now settled. 

We now turn to case (1) in which A*=—<A for all AeA. That is, 
ZO K=(0). Our goal in this situation is to prove that any Lie ideal 
U of K must contain [K,K]. With this objective in mind we contend, to 
begin with, that there exist elements u and v in U so that 


(1) w=A,-<0eZ, (2) (3) uw+vu=0. 


Since U ~ (0), by Theorem 21 there is an element we U so that u? 0; 
since u®eZ, u® =A, ~0, A,e€Z. Now, if uk —ku for all ke K, by Theorem 
15, since K =A we would have that weZ, contradicting KN Z—(0). So, 
for some ke K, v=uk—hkuA0eU. Clearly uw+vu—0. So far we have 
fulfilled conditions (1) and (3) of our contention. If (wk—ku)?-0 our 
contention will have been established in its entirety. So we suppose that 
(uk —ku)?=0 for all ke K. Let v, =uk,—hk,u, ve=uk,— ku where f, 
and k, are in K. Thus uv, +v,u—urv.+ Hence u(v,v2-— v20,) 
= V20,)u. Since v,v,— v2.0, € U, + — Ue Z, 
that is, 2u(v,v2.—v.v,)eZ, and so However, since 
v,* =v," =0 and since u(v, + v2) + (v, + v2)u=0, if our contention were 
false, (v, + v2)? =0, from which v,v.-+ v.07; =0. But then (v,v2— 
= + =0. Since eZ, if it were not 0, 
v,v,— v.v, would have an inverse in A. Thus u(v,v2— v2v,) = 03 but since 
u? =A, ~0eZ, we obtain v,v2.—v2v;—0. Together with the fact estab- 
lished above that v,v, + v.v,; this implies that Another way 
of stating this is really that if we + vu—uw+wu=0 then vw when 


v,weU. Let 
w == (uh, — k.u)k, uw + wu = — 2 (uk, — =0. 
Thus v,w = 0; that is, (uk, — k,u){(uk, — — — kou)} =0. Since 
(ul:,; —h,u) (uk,—-hk,u) =0 this reduces to (uk, —k,u)k.(uk,—k.u) =0 
for all ki. K. Now 
u —k’k) — (kk’ —I’k)u 
= (uk —hu)h’ — k’ (uk — ku) + k(uk’ — k’u) — (uk’ — k’u)k. 


Right-multiplving this by uk—ku we obtain, since kk’—I’ke K, that 
0 = (uk — hu) kh’ (uk — ku) — (uk’ — k’u) k (uk — ku) ; and since by the above 
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discussion (wk’ — k’u) k (uk — ku) =0, we are left with (uk — ku)K (uk — ku) 
=(0). If se S, s(uk—ku)se K, and so (uk —ku)s(uk — ku)s(uk — ku) = 0. 
IfreA, r—=s-+k’ where se S and k’e K. By the above discussion it follows 
that (uk — ku)(s + k’)(uk — ku)(s + k’)(uk — ku) = 0. 
right-ideal of A each of whose elements is nilpotent of index of nilpotence 3, 
and as we have seen before, this forces uk —ku = 0 forallke K. Since K=A 


this places wu in Z, violating 72M K = (0). 


So (uk—ku)A is a 


Thus for some veU with 


uv-+vu=0 it must be that v?=A.~0eZ. This proves our contention. 
So, we now have elements u,veU such that u®?=—2A,~0, v? =A, 40, 
A simple calculation verifies that (wv—vu)? 


and uv+vu=—0. 

We claim that u, v and wv—vu are linearly independent over Z. For 
if =0, uww+wu—0 yields 24.—0, 
vw + wv =0 yields 2A, and (uwv—vu)w + w(uv—vu) =0 yields that 
2d. = 0. Hence A» =A: =A. and so u, v, ww—vu are linearly indepen- 


dent over Z. 


Suppose now that we could find an ze U so that u, v, ww—vu and x 
are linearly independent over Z. Suppose that 


where A, pe Z. 
solve these for a,8 to force a#u-+ur’—2av+ va =0. 


Consider 2’ =a-+ au-+ Bv where « and B are in Z. Now, 
Since A, +0, we can 
Note that 2’ is 


linearly independent of u, v and wv — vu and that it is in U, (since Z C 8). 


We drop the 


, 


Since zu + vr =0, we have that x(uv— vu) 


=(uv—vu)z. Since re U, uv—vueU, then — vu) + (uv— vu) reZ, 


thus 2a(uv—vu) eZ. 


Since x0 and since uwv—vu has an inverse, 


2r(uv—vu) =AAVeZ. Multiplying both sides by wv — vu, and using that 


(uv vu)? = 
that 2 was linearly independent over Z of u, v and we—vu. 


—4,A2z, we obtain that z=)’ (uv — vu), A’ contradicting 


Thus no z 


linearly independent over Z with u, v, ww—vu can be found in U. Thus U 


is 3-dimensional over Z. 


Also, to be more exact, U7 has a basis over Z con- 


sisting of u, v and uwe—vu where uw? v? =A. and 


where uv + vu = 0. 
Let N(u) = {xe K | ru—uz}, and we similarly define N(v). 


By the 


nature of the basis of U, it is clear that W—N(u)MN(v) is such that 
W= {re K |[2, U] = (0)}. 
We claim that W is a Lie ideal of K; for se W, ke K, te U implies that 


(wk —t(ak — kr) 


= {r(kt —th) — (kt— tk) x} + {(ct—tr)k —k(at —tr)}, 
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since st —ts—=0 because tel, the second { } is 0; since ki—tkeJU, the 
first { } isalso0. Thus zk—kreW. Also WD [K, K] for uv — vue [K, K] 
but W. We should like to show that W + (0). 

If seS, u and v as previously chosen in U then we claim that 
(us —su)v + v(us—su)eW. This can be verified readily by noting that 
(us —su)v + v(us—su) = — {u(vs—sv) + (vs—sv)u} and that weZ 
and So, if W—(0) then (us—su)v+ v(us—su) —0 for all 
But then, since in particular vs —sveS when se8. 


{u(vs—sv) — (vs—sv)u}v + v{u(vs—sv) — (vs —sv)u} =0. 


Since v commutes with u(vs—sv) and with (vs—sv)u, the equation reduces 
to 2v(u(vs —sv) — (vs—sv)u) =0. Since v has an inverse in A we obtain 
that u(vs —sv) — (vs —sv)u=0 for allseS. But u(vs—sv) + (vs—vs)u 
= 0 since it isin W. Thus u(vs—sv) =0, and since u has an inverse in A, 
vs—sv=0 for all se S. Therefore v is in the center of S, the subring 
generated by S. Because A is more than 4-dimensional over Z, by Theorem 9 
S=A. Thus reZ; that is veZN K = (0), forcing v 0, a contradiction. 
In this way we have proved that W + (0). 


Since WD [K,K] and W+(0) and it is a Lie ideal of K, W must 
also be 3-dimensional over Z. Consider [W,K]. Since W is a Lie ideal of K, 
[W,K] C W, and is also a Lie ideal of K. It can not be that [W, K] = (0) 
for then [W, K] = (0), and since K=A, [W,A]—(0) which would imply 
that VW CZOK=(0). Thus [W,K] must also be 3-dimensional over Z; 
since it is contained in the 3-dimensional W, it follows that [W,K] = W. 
Thus WC[K,K]. Similarly U C[K,K]. As is seen by examining U, 
Un W= (0). Now W+U0/ is a Lie ideal of K and is contained in [K, K]. 
It is 6-dimensional over Z. If W+U+[K,K] then our previous discus- 
sion shows that its dimension over Z would be 3, which it is not. Thus 
W+U=[K,K}. 

Suppose now that [K,K]+~K. We claim that there exists an seS so 
that us t+ suf¢[K,K]. For, if us+ su is in [K,K] for all seS, since 
uk —kue |K,K], for all ke K, we would have that wa—a*u* e[K, K] for 
allaeA. As in the proof of Theorem 19 this leads to [K,K]—K. Thus, 
usy + [K,K] for some soe S. Let = us, + sue K, 2,¢[K,K]. Now 
vr, —x,veU, so vr; —a2,v = av + Bu+ y(uv—vu) where a, B, y eZ, since u, 
v and uv —vu form a basis of U over Z. Since (vz, —2,v)v + v(vz, — 2,0) 
= 0, we see that z=0. If then v(z,—-yu) = yu)v, and so 
r,—yue V(u) N(v) =W CI[K,K]. from which 2,¢[K,K], a contra- 
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yu 
diction. If, on the other hand, B0, v (25*) that 


is, there is a te K, t¢ [K,K] with ut =tu and u=vit—tv. Now 


(uv —vu)t—t(uv— vu) 
= {u(vt—tv) — (vt—tv)u} + { (ut —ut)v—v(ut—tu)} =0 


since and since Thus ¢ commutes with uv—vu 
=2uv and with u. So, utv = tuv = uvt, thus since u has an inverse in A, 
tv=vt. But then te N(w) AN N(v) =WC [K,K], a contradiction. Thus 
the assumption that [K,K]K leads to a contradiction. 

So we assume that [K,K]—K. Therefore K is 6-dimensional over Z. 

Suppose that s,,s2,- + +,8; in S are linearly independent over Z. Now 
su +usjeK and commute with wu for 1—1,2,---,5. Thus it is easily 
seen that ws; + su + Aww, + + Aww, Where the w,’s are a basis 
of W and where the AyeZ for t=1,2,---,5. Therefore, for some ae Z, 


not all 0, a; (su + us;) = 0. That is, —0, and 


i=1 
t= > as; 0 since the s; are linearly independent over Z. ¢ is of course 
in S. Thus, given any 5 linearly independent elements in S we can produce 
from them an element {0eS so that uf + tu—0. 

If the dimension of S over Z is larger than 124, we can find 25 groups 
of independent elements of S each group consisting of 5 members. From 
each group we get an element ¢;,, 1=1,2,---,25 in S with ut; +tu—0 
and where the ¢; are linearly independent over Z. We split the ¢i’s into 5 
groups of 5 elements in each. As with u, we obtain 5 elements pie S, so that 
pit + vp, = 0 for i=1,2,---,5, and where the p; are linearly independent over 
Z. Since the p;’s are linear combinations of the ¢,’s, pw + up; for 
Thus puv=uvpi, pu = vup;, and so p(uv— vu) = (wv — vu) pi. 
However, as we did with wu and v, since there are 5 linearly independent p,’s 
in Z, we can find an element g~0eS which is a linear combination of the 
pis for which q(uv—vu) + (uv—vu)q=0. However, since q is a linear 
combination of the p,’s and since each p; commutes with uwv—vu, we have 
that q(uv — vu) = (uv —vu)q. Therefore 2q¢(uv— vu) =0. Since 2(uv — vu) 
has an inverse in A, gO must follow, contradicting that q~0. Thus we 
must assume that the dimension of § over Z is less than 125. But then, since 
A= + K, the dimension of A over Z is at most 131. By the known results 
for finite-dimensional simple algebras [7,8], if A is not the 44 matrices 
over a field Z. U must contain [K, K]. 

We have finally proved 
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THEOREM 25. Let A be a simple ring of characteristic 42, and suppose 
that A is more than 16-dimensional over its center Z34 (0). Suppose further 
that Xe Z implies that If U¥ (0) ts a Lie ideal of K then U must 
contain [K, K]. 


Combining Theorems 23, 24 and 25 we obtain the main theorem of this 


section, namely 


THEOREM 26. Let A be a simple ring of characteristic 2, with an 
involution and suppose that either Z = (0) or that A is more than 16-dimen- 
sional over Z, its center; if K is the set of skew elements of A then every 
Tie ideal, U, of K must satisfy 


(1) either UCZ or (2) UD [K,K}. 


We combined Theorems 23, 24 and 25 to get the general Theorem 26; 
however, the sum total of information contained in these three theorems 
separately exceeds that given in the statement of Theorem 26. 

We close the paper with 


THEOREM 27. Let A be as in Theorem 26. Then 


Proof. Let U=[[K,K],[K,K]]. U is certainly a Lie ideal of K. 
Thus if UA|[K,K], then it is strictly contained in [K,K], therefore by 
Theorem 26, U CZ. Let ae [K,K], ke K. Thus 


b = (ak —ka)a—a(ak—ka) U CZ. 

Since aka is in K along with k, if we replace k by aka in the expression for 
b, and simplify the expression, we have that abae Z. Since be Z, aba=a*b eZ. 
If b0 it has an inverse in Z, and so a?eZ. If a? ¢Z, then 6b —0 for all 
ke K, so a(ak—ka) = (ak —ka)a for all ke K. That is, 
(1) a?k + ka? = 2aka for all kek. 
Consider sae K where se S. For this k (1) yields 

0 =a*k + ka* — 2aka = (as —sa) — (as—sa)a’, 
thus 


(2) a? (as — sa) = (as—-sa)a? for all seS. 


Since a*(ak —ka) = (ak —ka)a*, we obtain a*(ar—ra) = (ar—ra)a? for 
all re A. Now, since a*r—ra? =a(ar—ra) + (ar—ra)a we have that 
a’ —ra*) = (a*r —ra*)a* for all re A. By the sublemma of Theorem 22, 
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[[K, K], [K, K]] = [K, K]. 
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aeZ. Thus in any case a?eZ for all ae[K,K]. If a?=—0 for ae [K, K], 
then since a(ak—ka) — (ak —ka)a=—2akae U C Z, we obtain akaeZ, 
and since a has no inverse in A, aka=O for all ke K. As we have shown 
several times earlier, this forces a= 0. 

Consequently a~0e[K,K] implies that 

Now Z3a(ak — ka) — (ak —ka)a = 2a(ak —ka), whence a(ak —ka) eZ 
for all ae [K, K] and all ke K. Since a has an inverse in A, this implies that 
a(ak —ka) =(ak—ka)a for all ke K. However, since a?eZ, a(ak —ka) 
+ (ak —ka)a=0, and so 2a(ak—ka) =0. Since a is regular, this forces 
ak—ka—=0 for all ke K. Thus a is in the center of K=—A. That is, 
[K,K] CZ. 

epeating the argument used above on K instead of [K,K] this time, 
we arrive at K CZ. But then [K,K]=—(0) and so [[K,K],[K,K]] 
=[|K,K]= (0), and the theorem is proved. 
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PARTIAL DIFFERENCE SETS.* 


By D. R. 


1. Introduction. The notion of a transitive projective plane and the 
resulting characterization of the plane by a group with a difference set have 
been the subject of much interest in recent years (see [5, 9]). In [10] a 
somewhat similar situation. a transitive aftine plane, is studied, and in [11] 
another similar situation arose in the investigation of associative planar 
division neo-rings. In this paper we introduce a generalization of the above 
situations which includes quite a number of other types of projective planes. 
In each case the plane is characterized by a (collineation) group with a 
particular subgroup structure and a subset called a “partial difference set.” 


2. Planar ternary rings. Some use will be made of the planar ternary 
rings developed by Hall ([{8]), but with a different coordinatizing scheme 
and a different notation; in particular, the ternary function F and the 
coordinatizing scheme of [11] will be used. In [8] Hall has developed a 
number of equivalences between the algebraic structure of the planar ternary 
ring and the geometric structure of the plane, and in [13] more equivalences 
of this type will be found (indeed, [13] is a very good source for all of these 
equivalences). All of these results, with perhaps slight modifications to 
account for the different coordinatizing scheme, carry over to the scheme 
used here, and those that will be needed will be listed. First a brief sketch 
of the ternary ring will be given. 

The planar ternary ring (R,F) is a set R containing at least the two 
distinct elements 0 (zero) and 1 (one), together with a ternary function F 
(mapping ordered triples of R upon F) satisfying: 


(A) F(a,0,c) —F(0,b,c) all a,b,c€ R; 


(B) F(a,1,0) = F(1,a,0) all a€ R; 
* Received September 14, 1955; revised, April 20, 1956. 


1 This research was carried out while the author was a National Science Foundation 
Fellow. 
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(C) if a,b,c,d€R, ac, then there is a unique x€ # such that 
F(2,a,b) = F(z, ¢, d) ; 

(D) if a,b,c€ R, then there is a unique x€ R such that F(a, b,x) =c; 

(E) if a,b,c,d€ R, ac, then there is a unique ordered pair z7,y€ R 
such that F(a... y) =b. y) =d. 


For all a,b) € R, a:b or ab is defined to be F(a, b,0), and a+ 6 is defined 
to be F(1,a.b). Then the set R* of non-zero elements of FR is a loop under 
the operation (-) with identity 1, and F# is a loop under the operation (+) 
with identity 0; these are the multiplicative and additive loops, respectively. 
of (R.F). If F(a,b.c) =ab+e for all a.b,c¢¢ R then the ring is said to 
be linear. 

In the coordinate scheme of [11] the plane z is related to (R,F’) as 
follows: points are (a,b). (a), (0), for all a,b€ R; lines are [m,k], 
fo. |. Lz, for all m,k The rules of incidence are: (a,b) is on 
[mk] if F(m,a,b) =k, and (a,b) is on [o, (a,0)]; (m) is on [m,k] 
and L,; (%) is on [%,(k,0)| and Lz. Note that this scheme is different 
from the scheme in [13], as well as that in [8]. 

In any projective plane if P is a point and L is a line, then the plane 
is said to be (P,L) transitive (with group H) if there is a group H of 
collineations which fixes every point on L and every line through P and 
which is transitive and regular on the “non-fixed” points on any line 
through ?. That is. if Q and PR are points collinear with P, both distinct 
from P and neither on L, then there is a unique h€ H such that Qh=—R. 
For further details about (P,) transitivity, see [2, 13]; we remark that a 
plane is (P, 1) transitive if and only if Desargues’ Theorem is valid with 
? as the center of perspectivity and L as the line of perspectivity. 

Now assume that 2 is coordinatized by the planar ternary ring (R, F) 
with Y = (0), Y=(0), (0,0). 


THeoremM 1. (R,F) ts linear with associative addition if and only if 
zis (¥,VY) transitive with group IT; furthermore. the additive loop of 
(R.F) is then isomorphic to H. 


THrorem 2. (R,F) is linear with associative multiplication if and 
only if 7 is (X,OY¥) transitive with group H; furthermore, the multiplica- 
tive loop of (R,F) is then isomorphic to H. 


We define the left distributive law to be a(b-+c¢) =ab-+ac, and say 
that (R,F) is left distributive if this law holds for all elements of R. The 


right distributive law is defined analogously, as is right distributivity. 
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THEOREM 3. (R,F) is linear, left distributive, and has associative 
addition if and only if w ts (P,XY) transitive for every point P on the 
line XY. 


THEOREM 4. (R,F) is linear, left distributive (right distributive), and 
has associative multiplication if and only if w ts (X,OY) and (Y,OX) 
transitive ((X,OY) and (O,XY) transitive). 


The proofs of the above theorems can be found in [13], or can be 
obtained by modifying or extending the proofs slightly. A planar ternary 
ring satisfying the hypotheses of Theorem 3 will be called a left Veblen- 
Wedderburn system, or merely a left V-W system (and a right V-W system 
is defined similarly), and a left V-W system with associative multiplication 
will be called a left near-field. 


3. Partially transitive planes. ‘Throughout the rest of this paper “ pro- 
jective plane” will always mean “finite projective plane.” Then if x is a 
projective plane there will be an integer n (called the order of z) such that 
every point (line) is incident with n+ 1 lines (points) and such that 7 
contains a total of n?-+n-+1 points (lines). 

Suppose z is a projective plane of order n, and © is a non-trivial group 
of collineations of +; let x) be the set of points and lines of x that are fixed 
(element-wise) by every collineation of &. Let the points and lines of 7, 
be called fixed points and fixed lines; let the points (lines) of + that are 
not in z» but are on lines (contain points) of 2, be called tangent points 
(tangent lines) ; let the remaining points (lines) be called ordinary points 
(ordinary lines). Finally, suppose that & is transitive and regular on both 
the ordinary points and the ordinary lines; i.e., if Y, Y is an ordered pair 
of ordinary points (or lines) then there is a unique g € ®& such that Yg = Y. 
Then we shall say that is a partially transitive and regular plane with 
respect to © and wo, or merely that x is partially transitive. 

Obviously z, is either a degenerate subplane or a (non-degenerate) sub- 
plane of z (see [8] for a list of all degenerate planes). Since © is transi- 
tive and regular on both ordinary points and ordinary lines, the number of 
ordinary points equals the number of ordinary lines (and this common 
number is the order of &); hence it is easy to see that z) contains the same 
number of points and lines. Thus x, must be one of the following types:* 


*In the abstract of the paper “ Partial difference sets,” presented to the American 
Mathematical Society on Oct. 22, 1955, the author stated essentially that type (4, m) 
only occurs if m = 3, and that types (5,m), (6,m) never occur. This is incorrect, and 
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(0) mo is empty. 

(la) 7 consists of a point Q and a line Ko, Q> on Ko. 

(1b) mo consists of a point Q and a line Ko, Q, not on Kp. 

(2) 7 consists of two points Qo and Q, and two lines Ky and K,, 
where Kyo = QoQ, and is on 

(3) 2 consists of three non-collinear points Qi, +—0,1,2, and the 
three lines Ky = Q,Q2, Ki 


(4,m) mo consists of m points (m=3) Qi, t—1,2,:--,m, on a line 
K,, a point Q» not on Ko, and the 1 lines Ko, Ki= QoQi. 
(5,m) consists of m+ 1 points (mZ=2) Qi on a 


line Ko, and m+1 lines Ki, i=0,1,- - -,m, each through Qo. 
(6,m) 7) is a subplane (i.e., non-degenerate) of order m, with points 
lines Ky, t=0,1,- - -,m?-+ m. 


Types (1a), (1b), (2), (3) would be special cases of types (4,m) and 
(5,m) if we allowed m < 3 or m < 2; however, the analysis is quite different 
in case m = 3 or m = 2, respectively, so we separate these cases. The results 
in this section will apply to all of the types, and we do not distinguish them 


until subsequent sections. 
LemMA 1. Every tangent line contains ordinary points. 


Proof. Suppose, if possible, that L is a tangent line containing the 
fixed point Q and n tangent points A,,A.,- --,A,. Through each point A; 
there is a fixed line K; and the intersection of two such fixed lines is a fixed 
point. If all the lines K, contain the single point B then (since BQ is 
certainly a fixed line) every line through B is a fixed line, and so there are 
no ordinary points in the plane. This contradicts the assumption that © is 
non-trivial. Note that if n= 2 then there is a point B on all these lines Kj, 
since there are only two such lines, So we can assume that all the K; do not 
pass through a single point, and that n > 2. Hence it is easy to see that mp 
contains a set of four points, no three of them collinear, and thus zp» is a 
non-degenerate subplane of 2, of order m, say. If n= m?, then every point 
of z is on a line of mw, and this would contradict the assumption that @ is 
non-trivial. Thus (see, for instance, [5]) we know that n= m?+ m. Since 
7 contains at least the n lines K;, and since @ is on at least 4 lines of wo, 
an example of type (4,m) with m = 4 is given in Section 5; infinitely many examples 
of type (5,m) are given in Section 6. The author has no examples of type (6,m) but 
has no proof that they cannot occur. 
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7) must contain at least n + 4 lines; som*-+m+12n+4. This contra- 
dicts n = m?-+- m, and the lemma is proven. 

Now let Py be an arbitrarily chosen ordinary point, and let J, be an 
arbitrarily chosen ordinary line. Let D be the set of all d€ G such that 
P.d is on Jy. Let and L,==P Qi; let Ry be the subgroup of & 
which fixes the point R;, and let 2; be the subgroup of & which fixes the 
line Since consists exactly of those x€ such that Jox contains R,, 
%; has order equal to the number of ordinary lines through /?;; similarly & 
has order equal to the number of ordinary points on L;. By Lemma 1 each 
tangent line through Q; contains an ordinary point and is thus an image Lj 
of L;; so it is fixed by the group 2*&,2. Similarly for the tangent points on 
K;: each is fixed by a conjugate of R;. Also, it is clear that #;N Rj= VAY 
= 1 if ij; for otherwise there would be a non-identity element of which 
would fix Py = or Jo = RiR;j. 


LemMa 2. If Q; is not on Kj, then & and R; are conjugates in &; thus 
if there is a line of x which does not contain either Q; or Q; then &, and & 


are conjugates in &. 


Proof. 1t is only necessary to prove the first part of the lemma. Suppose 
Q; not on K;; then the line L — Q;F; is a tangent line, so L = Lyx for some 
z€ by Lemma 1. Hence R; is fixed by both R; and so Rj = 


TueoreM 5. (a) If g€@G, g¢&% for any i, then g=—d,d," for a 
unique ordered pair d,,d2€ D; if for some i,gA1, then 
for any d,,d,€ D. 

(b) If g€@, g¢MRi for any i, then g=d,1d, for a unique ordered 
d,,d2.€ D; if gE for some i,gA1, then g Ad, for any d,,d.€ VD. 

(c) tf iFj. 


Proof. Let g€ and consider the line Po-Pog= Kither 
L =J,b for a unique G, or L = for a unique 7, and in the latter case 
(and only then) If L=J,b, then Pogb are both on Jo, 
so b*=d,€ D, gb* =d,€ D, or g=d,d,. By a reversal of the above it 
is clear that d, and d, are unique and the cases of (a) are mutually exclusive. 
Similarly, (b) is proven using the point J)-Jog, and (c) has already been 


demonstrated. 


Lemma 3. If © contains an element b of order two, then bE QAR; 


for some and }. 


Proof. Suppose b¢ &; for any i. Then by Theorem 5, b —d,d," for a 
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unique ordered pair d,,d,€ D. However, b=b-'—d.d,"', whence d,—d, 
and b =1, a contradiction. Similarly, 6 ¢ R; for any i is contradictory. 

Of the various types given in this section, we shall henceforth exclude 
type (0), as that is the type given by Bruck in [5] (and including as an 
important special case the cyclic difference sets of Hall; see [9]). The 
remaining types will be analyzed in more detail, and we shall consistently 
use the terminology and notation introduced in this section. Noting Theorem 
5, we shall refer to D as a partial difference set for the group &. Of course, 
a knowledge of the subgroups #; and &; is also needed for a complete descrip- 
tion of the situation. Indeed, the existence of a group ® with a partial 
difference set D satisfying (a), (b), (c) of Theorem 5, together with certain 
conditions on the subgroups ®; and &;, implies the existence of a projective 
plane of the appropriate type. These other conditions vary somewhat for 
the different types, and will be given as they arise. 

The following table is the result of straightforward counting, which 


we omit: 

Order of Order of Kt; Number of 
Type Order of & and and&;,i40  elementsin D 
(la) n* nN n 
(1b) n? — ] n 
(2) n*>—n n n—1 n—1 
(3) (n—1)? n—1 n—1 n—2 
(4.m) (n—1)(n—m-+1) n—m+1 n—m 
(5, m) n(n —m) n n—m n—m 
(6, m) (n —m)(n — m?) n—m? n—m? n—m?—m 


Note that types (3) and (6,m) are “symmetric” in the sense that the 
subgroups for i—=0 are not particularly distinguished from those for 10. 


4. Types (la), (1b), (2), (3). These types are somewhat simpler 
than the others, and generally admit of many examples. With the exception 
of type (1b), there are both Desarguesian and non-Desarguesian examples 
of each type known. Furthermore, quite a bit of simplification occurs if & 
is abelian or if certain of the subgroups #; or &; are normal, a situation 
which cannot occur in the other types. We will first give some examples; 
in each case the example will be given in terms of a particular planar ternary 
ring of the plane under consideration. 

Type (la). Let (R,F) be a (not necessarily associative) division ring 
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(with identity). For each ordered pair a,b€ R, consider the mapping 
¢=¢(a,b) defined below: 
> k] [m —a,k + ma+ 
(m) > (m—a) [ 0, 0)] [0, (k +a, 0)] 
(00) (00) La Le: 
Then the set of all such mappings is a group & of collineations with respect 
to which the plane is of type (la), with Q.—=(0), Ko—L,. If we let 
Py = (0,0), Jo=[0,0], then R, — {¢(0,b)} is normal in @, and 
D = {$(a,0)}. 
Type (1b). Examples of this type will be found in [4]. 
Type (2). Let (R,F) be a linear planar ternary ring with associative 
addition and multiplication. For each ordered pair a,b€ R, a40, consider 
the mapping ¢—¢(a,b) defined below: 


(x,y) (ax, y + b) [m,k]—>[mat,k +b] 


(m) [ 00, (h:,0)] [ 0, (ak, 0) | 
(00) (0) Ly. 
Then the set of all such mappings is a group & of collineations with respect 


to which the plane is of type (2), with Q.—(0), Q,.—(0), Ko=lL,, 
K,=[,(0,0)]. If we let P) (1,0), Jo = [1,0], then R, = {4(1, 
is normal in @, and R, ~&, = {d¢(a,0)} is normal in @; D consists of all 
elements ¢(a,—a). 

Type (3). Let (R,F) be a linear planar ternary ring with the left 
distributive law and associative multiplication. For each ordered pair a, 0 € f, 
60, consider the mapping ¢—¢(a,b) defined below: 


(x,y) > (az, by) [m, k] [bma, bk] 


(m) (bma-') [ co, (hk, 0) | [ (ak, 0) | 
(200) (0) Lz. 
Then the set of all such mappings is a group @ of collineations with respect 


to which the plane is of type (3), with Q,=(0), Q.= (0,0). 
K, = [0,0], K,=[0,(0,0)], K.=—L,. Tf we let (1,1), Jo =[1,1]. 
and let e€ R satisfy e + then = {4(1, b)}, = {H(a, 1)}. 
= {P(a,a)}, Wo {H(a, eae*)}. Each of these subgroups except the last 
two are normal in ©; D consists of all d(a,b) such that a+b—1. 

By an obvious modification, if “right distributive” is substituted for 


= 
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“left distributive” in the above example of type (3), then the plane is still 
of type (3). Since there exist finite non-associative division rings (for type 
(1a)) and finite near-fields which are not fields (for types (2) and (3)), 
it is clear that not only does every Desarguesian plane yield an example of 
the above types but also that there are non-Desarguesian examples. The 
examples of type (1b) given in [4] are all Desarguesian, and & is cyclic, 
and it is conjectured that all such finite cyclic examples are Desarguesian 
(see [10]); the author does not know of any finite non-cyclic examples. 

From Lemma 2, the groups , and & are conjugate in type (1b); %, 
and &, are conjugate in type (2); for each 7, WR; and & are conjugate in 
type (3). Furthermore, by a proper choice of P, and Jo it is easy to see 
that certain of the 8; and 2; can be made to coincide: for 10 in type (1b), 
i= 1 in type (2), and any two values of 7 in type (3). 


THEOREM 6. If either R; or & is normal in G, then Ri — &. 


Proof. As noted above, this is a corollary of Lemma 2 for every case 
except 10 in types (la) and (2), so we restrict attention to these cases. 
If %, is normal and x€ Ro, x1, then certainly x¢ 2, (in type (2)), since 
the orders of 9, and &, are relatively prime. If also r¢ &, then x=d,d,7 
for some d,,d.€ D, whence d.'wd, = d.-1d, € Ro, since Ry is normal. This 
is impossible, by (b) of Theorem 5, so we must have x € 2%, whence Ry = Xo. 


THEOREM 7. In types (1a) and (2), tf Ro ts normal in &, then x ts 
coordinatizable by a linear planar ternary ring with associative addition. 


Proof. If Ry is normal, then every tangent point Ror on Ky is fixed 
by Ry whence it is immediate that is (Qo, Ko) transitive. Thus 


the theorem follows from Theorem 1. 


THEOREM 8. In type (1b) tf Ro is normal in &, or in type (2) if Ri 
is normal in &, then x ts coordinatizable by a linear planar ternary ring with 
associative multiplication. 

Proof. Analogous to the proof of Theorem 7, using Theorem 2 instead 
of Theorem 1. 

THEOREM 9. In type (2), tf both of the R, are normal in & then x 


is coordinatizable by a linear planar ternary ring with associative addition 


and multiplication. 


Proof. Immediate from Theorems 7 and 8, noting that the same ternary 
ring can be used in the conclusion of each of these theorems. 
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Thus, referring to the example of type (2) given at the beginning of 
this section, Theorem 9 actually affords us a necessary and _ sufficient 
condition that a plane be coordinatizable by a linear ring with both opera- 


tiolis associative. 


THEOREM 10. In type (3), if Ro 1s normal in & then x 1s coordi- 
natizable by a linear planar ternary ring with associative multtplication. 
If R. and KR, are both normal in G then x is coordinatizable by a linear 
planar ternary ring with the left distributive law and associative multiplica- 
tion; furthermore, & 1s tsomorphic to the direct product of Ry with itself, 
and all three of the R; are isomorphic to one another. If all three of the Hi; 
are normal in @ then x is coordinatizable by a linear planar ternary ring 
with both distributive laws and associative, commutative multiplication (4. ¢., 


an abelian planar division neo-ring; see [11]). 


Proof. The first sentence and the first part of the second sentence in 
the theorem are immediate from Theorems 2 and 4. Assume that , and %, 
are normal in @; it is clear that & is their direct product. If r€ R., then 
x=ab, a€ Ro, bE Ri, and this representation is unique; furthermore, for 
any a€ there is exactly one D€ such that abe R., since ROR, 
=, R.—1. Thus every element of §, can be written in the form a(aT’) 
for some a€ where T is a one-to-one mapping of upon If a,b € No, 
then [a(aT7’) ][6(bT) | =ab[ (aT) (bT)] € Re, so (aT) (bT) = (ab) T. Hence 
Ht, is isomorphic to 91, and obviously #.— {a(aT’)} is also isomorphic to Mp. 

If also R, is normal, let a,b€ MR). Then a*[b(67) |a=aba(bT) € KR, 
so bT = (a‘*ba)T or b=a"'ba. Thus is commutative (and so is 
Since, from Theorem 2, Si) is isomorphic to the multiplicative group of the 
planar ternary ring under consideration, we are done (in view of Theorem 4 
and the first part of this theorem). 

From Theorem 10 and the example of type (3) given at the beginning 
of this section, we have a necessary and sufficient condition that xz possess 
a linear coordinate ring with the left distributive law and associative multi- 
plication : x must be of type (3) with two of the 8; normal in &. Following 
the remark at the end of the example, this is the same as the condition 
that it possess a linear ring with associative multiplication and the right 
distributive law (note however, that these are different rings: the points 
(0,0) and (0) are interchanged). In fact, if (R,F) is a planar ternary 
ring which is linear, left distributive, and has associative multiplication, then 
the interchange of the roles of the points Y=(o) and O= (0,0) gives 
rise to a new ring with the same properties, except that “right distributive ” 
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replaces “left distributive.” Thus suppose 7 is a plane coordinatized by a 
left near-field (which is not a field); performing the above interchange 
we arrive at a new system, which however cannot have associative addition. 
For if it did it would be a right near-field, and it is elementary to see that 
there would be a collineation moving the line at infinity (Z.) of the original 
left near-field coordinate system. It is well-known (see, for instance, [8]) that 
this implies that the original left near-field is a field, which is contradictory. 

The above observations are of interest mainly because they indicate the 
existence of finite non-trivial examples of what might be called “right (or 
left) planar division neo-rings”: linear planar ternary rings with the right 
(or left) distributive law, whose addition is not necessarily associative. (In 
this connection, see [6, 11].) Although the examples given here do not lead 
to new projective planes, others might, and the lack of associative addition 
implies that we are not immediately restricted to cases where the order is a 
prime-power. 

We return to the general case of the section now. If ¢ is an auto- 
morphism of the group & and if D¢é=—Db for some b€ &, then, following 
Hall ([9]) we call ¢ a multiplier of the partial difference set (according to 
[5], @ would be a right multiplier). The concept of multipliers has been a 
powerful one in the treatment of cyclic difference sets (i.e., cyclic groups of 
type (0)) and has already been applied to partial difference sets by Hoffman 
({10]) and the author ([{11]) for types (1b) and (8), respectively; using 
the techniques of [11], Hoffman’s results can be extended from the eyclic 
case to the abelian case, by the way. Specifically, all of these results are of 
the following nature: if @ is abelian, of type (1b) or (3) (or even of type 
(0)), and if p is any prime divisor of n, then the mapping ¢: 7-2? is a 
multiplier. Using this result, abelian examples of type (1b) or (3) appear 
very likely to be of prime-power order (i.e., n is a power of a prime). How- 
ever, the same mapping is not even one-to-one for abelian examples of type 
(1a) or (2), and other difficulties present themselves: in the known proofs for 
the existence of multipliers, a key step is to show that the element A= > d-, 
for all d€ D, is a non-singular element of the group algebra of © over the 
rationals. For types (la), and (2), A is definitely singular, and it does not 
seem unlikely that this should indicate some kind of fundamentally different 
situation. 

Now we investigate the conditions under which we can construct the 
plane from the group &. In each of the types all of the left cosets dR, d € D, 
are distinct. For if dj—=d.r, r€ Ri, di,d.€ D, then r—d,"d, and by 
Theorem 5, this implies d, =d.. Thus, referring to the table at the end of 
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Section 3, we see that every left coset of J, is of the form dj, d€ D, for 
t=O in types (1a) and (2), and that all but one left coset of 9; is of this 
form for the remaining values of 7. In each of these latter cases, let q€ 6 
be so chosen that q3t; is the unique coset not of the form dW;; although 4 
is not unique, it is determined up to a right multiple by an element of §f, 


THEOREM 11. Whenever q; is defined, gRi = Vid. 


Proof. Choose b€ such that is on Lib. Then or 
Lib—bR; But Rb is on L;, so the collection of lines Jo¥tib all pass 
through R,b-*; they are all ordinary lines, so none of them contains Qj, and 
hence none of them contains Py. Thus 1¢ Dib", or b¢ DR; so OR; is the 
(unique) left coset of 9; which is not of the form di, d€ D. Thus 

Indeed, Theorem 11 can be extended to show that &iq; is the unique right 
coset of &; which is not representable as Mid, d€ D. However, we do not 


need this in what follows. 


THEOREM 12. Besides (a), (b), (ce) of Theorem 5, the following is 
also satisfied: 

(d) where is defined as the unique left coset of 
not representable as dR, d€ D, if such a one exists; furthermore, all of the 
left cosets dRi, d€ D, are distinct. 


Now if @ is a group with a subet D and subgroups ft; and &;, satisfying 
the numerical conditions of the table at the end of Section 3 for one of the 
types (la), (1b), (2), or (3), and if furthermore (a), (b), (c), (d) of 
Theorems 5 and 12 are satisfied, then we shall say that (G,Ri,%:,D) isa 
partial difference system (of the appropriate type). We will now show that 
the existence of a partial difference system implies the existence of a pro- 
jective plane of the appropriate type. Actually, we will define the plane 
for each type but only demonstrate that it is a projective plane for type (2), 
since this is fairly typical of each of the types; the demonstration for the 
other types is straightforward. 

We define a set z of points and lines, with an incidence relation as below. 

Points: (a), for each a€ G; (Ria) for each right coset of R;,; Qi, where 
t runs over the appropriate integers. 

Lines: [Db], for each bE G; [Rb], for each right coset of &; Kj. 
where j runs over the appropriate integers. 


Incidence: 
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(a) on [Db] if a€ Db; (a) on if Bb; (a) never on K;. 


(Ria) on [Db] if bE Ria; (Ria) on K; if 7; (Ria) on | as below: 


Type (la): never. 

Type (1b): if qoa€ Rob. 

Type (2): never, if t=0 or j=0; for ij then if q,a€ 26. 
Type (3): never, if iAj; for ij, then if qa€ &b. 


Q; never on [Db]; Q; on [Sb] if i= 7; Q; on Kj; as demanded by zp. 


Now we consider type (2) and show that z, as defined above, forms a 
projective plane. 

Let (a) and (b) be distinct points (i.e, ab). Then either ab“ € &, 
for some j, or abt d,d, for a unique pair d,,d.€ D. In the first case 
we have a,b € 2b, so both (a) and (b) are on [&;b]. In the second case we 
have d,a—=d.*b =c, whence a,b € Dc and both points are on [Dc]. The 
arguments are easily reversed to show uniqueness. 

Consider the points (a) and (Rib). If 10, then ab™ is in a coset 
dR), where d€ D, so ab-t dr, where r€ Ro. Let c=rb; then a€ De and 
c€ Ro, so (a) and (Rod) are on [Dc]. If 11 then either ab*€ dh, for 
some d€ D, or ab-*€ g,8,. The first case is handled exactly the same as 
when i=0. In the second case we have ab'€ q,8,—219g:, and we let 
c=q,b. Then a€ &,¢ and qib€ &.c, so both points are on the line [Q,c]. 
Again the arguments are readily reversed to demonstrate uniqueness. 

Clearly the points (a) and Q; are on [Ra], and on no other. 

Let (Ria) and (Rjb) be distinct points (i.e., Ria Then if 
both points are on the line K;. Let 14j, and note that RR; — G, since the 
two subgroups intersect in the identity; for the same reason, every element 
of has a unique representation in the form where Rj, € Ki. 
Let then ra—rjb—=c, whence c€ Ra, c€ Rjb, and so (Ria) 
and (}jb) are both on [Dc]. Again, the uniqueness is straightforward. 

Consider the points (Mia) and Q;. If 14), then both points are on Kj, 
while if + j—0, both points are on Wy. If t==j—1, then let b—4q,a; 
we have q,a € 2,6, so (Ra) is on [2,5] and certainly Q, is on [2,0]. Unique- 
hess is obvious. 

Finally, the points YQ, and Q, are both on K,. 

Since x is finite and every line clearly contains n+ 1 points, this is 
sullicient to prove that w is a projective plane (the nondegeneracy is trivial 
ifn >1). In order to show that z is of type (2). consider mappings of the 
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form (a)— (ax), (Ria) > (Mar), etc., for each r€@. The set of such 
mappings forms a group of collineations (isomorphic to ©) with respect to 
which =z is of type (2). 

Another kind of example of a partial difference system can be con- 
structed as follows. Let R be a finite field of order n= 2‘, and let p be 
any integer such that both p and p—1 are prime to n—1 (e.g., p=2). 
Let ® be the group whose elements are the ordered pairs (a,b), a,b€ R, a0, 
with composition (a,b) (c,d) = (ac,be-+-d) (then in fact, © is isomorphic 
to the holomorph of the additive group of R with the automorphism group of 
multiplications). The identity of G is (1,0), and (a,b)-*= (a", ba"), 
Let D be the subset of @ consisting of all elements (2,x?), x0. Then, 
as both p-th and (p—1)-th roots exist and are unique in R, it is easy 
to see that every element of (, excepting the elements in the subgroups 
{(1,b)} and {(a,0)} —&, can be represented uniquely as 
5,6.-' and as 8,-18,, where the 6; are in D. Further, (c) and (d) of Theorems 
5 and 12 are trivially satisfied. 

Thus we have a plane z of type (2), of order n = 2', with nonabelian 
(§. Since R, is normal, + possesses a coordinate ring which is linear and 
has associative addition. However, for n= 2,4,8, + must be Desarguesian 
(since all planes of order = 8 are known to be Desarguesian), although the 
author does not know if this is generally true. Also, this gives an example 
of type (2) in which not all of the subgroups Rt; are normal (since ®t, is 


certainly not). 


5. Type (4,m). Throughout this section we asume that x is of type 
(4,m), where m= 3. Since J, can be chosen so that Ro, Po, Yo are collinear, 
we can assume that Jt, and (unless stated to the contrary) we shall 
always make this assumption. From Lemma 2, all the 9; and &, for 10, 
are conjugates, and hence @ is certainly not abelian, nor are any of the i; 
or i540, even normal in &: for Rj if and Ki; or 
2; do not have order one (see the table in Section 3). Let ¢ = (n — 1)/(m — 2); 
we shall show that ¢ is an integer. 


THEOREM 13. Jf i0 and G, then a fixes a subplane x, of 7, 
of order m—1; afta fires exactly m—2 tangent points on any line Kj, 
70, and q ts an integer. KR; has exactly q distinct conjugates, any two of 
which intersect in the identity, and any two of which fix different subplanes 


of order m—1. 


Proof. Wet x, be the set of points and lines that are fixed by every 


i 
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element of aja. 7, contains at least one tangent point on Kj, and so if 
j~0, a7*Ra fixes at least one tangent point on K;, because there is at least 
one point Q, on Ky which is not on K; or K;. Thus 7, contains at least 
four points, no three of them collinear, since 7, certainly contains the m 
points Qj, j 0; so m, is a non-degenerate subplane of 7 But 7, contains 
only the m points Q;, 7340, from among the points on Ko, and so 7, must 
contain m points on all of its lines: thus its order is m—1.° Besides Qo. 
and Q;, 740, 7, contains then exactly m—2 tangent points on the line K,. 
If ji, then these m—2 points are just the points Riaz, where x is in the 
normalizer of in If but there is a non-identity 
element in common to these conjugate subgroups, then this element must fix 
exactly m points on Ko, but more than m points on Kj, since it fixes the 
points that are fixed by a*t,a and also the points fixed by 5-*9b, and these 
two sets of points (on K;) cannot be the same (for otherwise the two subgroups 
would be equal). 

Thus distinct conjugates of 9t; intersect in the identity, and in fact, 
fix sets of tangent points on K; which are distinct. So the n—1 tangent 
points on K; break up into sets of m-—2 points each, hence q is an integer. 
In fact, since there are g sets of such tangent points on K; and each corre- 
sponds to a different conjugate of ti, ¢ must be the index of the normalizer 
of in 

If 9% is any subgroup of @, let N (4) be the normalizer of % in ©. 
Using the new parameter q in place of n, ® has order g(q—1)(m—2)?, 
(and has order g(m— 2), R; and 140, have order (¢q—1)(m—2), 
N(R) and N(&;) have order (¢q—1)(m—2)*. Since x, of order n, pos- 
sesses a subplane of order m—1, we must have n=—=(m—1)? or 
(m—1)*-+- (m—1) =m*—m. In the first case we have g==m and 
in the second case ¢g = (m?— m—1)/(m—2) =m+1+1/(m—2), so if 
qm, then ¢= m+ 2. 


Turorem 14. Both m and n are odd, unless n= (m—1)?. 


Proof. If m is even, then n—1==m-——2=0 (mod2), so n is odd 
and x»—m-+1 is even. So Wj, «40, possesses an element of order two, 
and so does each of its conjugates. Thus by Lemma 3, every conjugate of 9; 
must be an Rj, where 740, and so qm and n= (m—1)?. 

If m is odd, then n—m+1=n (mod2) so either KR, or Ni, 10, 


*For if a'ft,a fixed a point S on K,, S ~ Q, for any i, then since a“R,a fixes a 
tangent point 7 on K,, a> .a would fix the line L = ST; but L is an ordinary line, 
and this is contradictory. 
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has even order and possesses an element of order two. If n is even then 
it must be R;, 140, that possesses this element, so as above, g==m and 
(m—1)?. 


Now let = Ro. 
THEOREM 15. The order of $ is m—2. 


Proof. Consider the m—2 points R,a, where a€ N(¥,). Let 10,1, 
and let S be the intersection of the lines Ly and R,Q;. Each of the points 
Qi), for a€ is a point Sb, where Ry; but clearly, for 
each such b, we also have N (91), so b€ Conversely, any element in 
§ must be one of the elements } defined in this way, so § has order m — 2. 


THEOREM 16. If (m—1)?, then both § and are normal in 
Furthermore, every element of R, which is not in § has order two and qg =2' 


for some t. 


Proof. Suppose b¢H, and r€R,, suppose also that 
Then r fixes the point R,b, whereas (since b¢ N(R,)) is 
not one of the m—2 tangent points on K, that are fixed by 9. This is 
impossible (see the proof of Theorem 13). So if z,y€ Rt, and x*br = y'by, 
we have = yz", and thus Hence all the (¢g—1)(m—?2) 
conjugates of b by elements of ®t, are distinct. Now if n+ (m—1)? then 
Rt, has even order n—1 while § has odd order m—2, by Theorem 14; 
so ft, possesses an element b of order two, and b¢ §. The (q—1)(m—2) 
conjugates of 6 by elements of %, are all distinct and they all have order 
two, so by Lemma 3 they must all be in R, (for Ri, 1540, has odd order). 
So all the elements of , not in § have order two, and there are no other 
elements of order two in @. Then any two conjugates of 9, must intersect 
in a group containing these (¢y—1)(m—2) elements of order two; it is 
easy to see that this set of elements generate 9), so 9, is normal in &. 
The group § consists exactly of all the elements of , which have odd order 
(plus the identity), so § is normal in %o, and even in @, since § is in fact 
an invariant subgroup of §,. Finally, 9)/S has order g and must also 
be elementary abelian of exponent two; this finishes the proof. 

Now we prove a lemma about arbitrary groups which enables us to 
classify further our partial difference system. 


LemMa 4. If @ is a (finite or infinite) group, and if H is the sub- 
group generated by all of the elements which do not have order two, then 
either H=1, H =G, or H has inder two in G. 


to 


Pn 
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Proof. Suppose HA1,HAG. Ifac G,a¢ H, then a has order two; if 
furthermore, b€ G, b¢ H, then if ab H, abab —1, so If 
he H, then since ah @ H, (ah)*?=1, so aha=h-'. Now suppose a.b€ G, 
a.b.ab¢ Hf. For any he H, 


= (ab)h(ab) = (ba)h(ab) = b(aha)b = bh'b =h; 


i.e, for any h€ H, h?==1. Since H certainly contains elements (different 
‘rom the identity) whose order is not two, this is contradictory, whence if 
abe G, ab€ H, then ab€ H. Thus H has index two in G. 


Theorem 17. In type (4,m), tf ms43, then n= (m—1)?*. 


Proof. From Theorem 16, § consists of all the elements of Rt, whose 
order is not two (plus the identity), if nA (m—1)*. So, by Lemma 4 
either © = 1. which means m =3, or § has index two in Mo, since § is 
certainly not equal to My. So if m3, then q, which is the index of § 
in No, is two, and this is impossible, since g =m. 

Thus we have only two cases left. If n+ (m—1)?*, then m=3 and 


n==2'-+- 1, and a good deal more can be said about the group © and the 
plane z For St, is an elementary abelian group of order 2¢ and is normal 
in ; for 140. KR; defines a transitive and regular automorphism group of 
R,. Thus Jt, is isomorphic to the additive group of a right near-field (which 
might be a field), §t,, say, is isomorphic to the multiplicative group of the 
same near-field. and @ is isomorhpic to the holomorph of the additive group 
of the near-field with the automorphism group of right multiplications. 
Furthermore, since contains subplanes of order m—1= 2, and since 
has odd order, x is never Desarguesian. We shall return to this case later 
to give a more complete description of © as the holomorph mentioned above.* 


“axioms ” 


Now we shall investigate the converse problem; i.e., find the 
corresponding to Theorem 12, for type (4,m). It is apparent that part of 
(d) still holds: all of the cosets dt; d€ D, are distinct. Since we have 
chosen 2, on Ly, it is easy to prove that the unique left coset of #, which 


is not of the form d®,. d€ D. is KR, itself. In what follows. it is assumed 


‘Let H be a finite group, written additively, of order k, and H’ a group of auto- 
morphisms of H, transitive and regular on the non-zero elements of H (whence H’ has 
order k—1). Let e ~ 0 be any fixed element of H, and define a multiplication in H 
as follows: (i) 409 = 0, all wa € H; (ii) if b +0, then 2b = xy, all a € H, where 9, 
is the unique element of H’ satisfying e¢, = b. Then it is easy to prove that H, under 
these two operations, is a right near-field. If @ is a group of order k(k—1) con- 
taining Hf and H’, such that each automorphism of H by an element of H’ is an inner 
automorphism in G, then @ is necessarily the holomorph of H with H’. 


| 

n 

at 

is 
is 
4s 

) 
ey 

er 
ct 

is 

er 
ct 

h- 


666 D. R. HUGHES. 


that 1, j, & are all non-zero. If ij, choose gi€ ®G such that the point Rf; 
is on Ligiy; then Rj gi *Xigi;. Then since Po is on Lj, is on Lygji, 
and since R; is also on Ljgy, Pogj is not on Jo; for if it were, it would have 
to be the point R; Thus Pog;r, for any r€ Ri, is on Lyggr— Ljg% and is 
not on J. So Pogywr A Pod for any d€ D and any r€ Rj, and hence gph; ~ dh, 
for any d€ D. By a similar argument, it is easy to demonstrate that all of 
the left cosets gt; (as j varies) are distinct. Then, by counting, it is 
evident that each left coset of 9; which is not of the form dW;, d€ D, is of the 
form g;; for a unique 7. Thus we have the result corresponding to (d) of 
Theorem 12. But we need more here. 

Consider a pair of points Ryb and Rj, 14j, and let L be the line joining 
them. Then either J is a line Lig); for a unique k (i.e., Q,, Rib, R; are 
collinear), or Z is a line Jor. In the first case, Ry is on Lyg,i, so Rib is on 
= Lygij3 hence gxj€ or = geRib, where & is unique. In 
the second case, since Rib is on Jox, we have = R,z, and similarly, = 
So «€ Rib Rj, and clearly x is the only element in this intersection. 


THEOREM 18. Besides (a), (b), (c) of Theorem 5, the following are 
satisfied : 

(e) There are elements gii€ & for 1,740, 147, such that every left 
coset of Ri, 140, can be represented uniquely as dh, d€ D, or as gh, 
and also having the property giRi=—Xjgj. Every left coset of R, can be 
expressed uniquely as dR, d€ D, excepting the coset Ry ttself. 

(f) If ae G, then Rian Ro, +40, contains a single element. If 1, ~0, 
ij, then either Rian Rj contains a single element or = for a 


unique k, but not both. 


Proof. Everything is proven, excepting the first sentence of (f). But 
this is trivial, since different element of , cannot be in the same left coset 
of 

We are now in a position to define the projective plane from a partial 
difference system of type (4,m) (i.e., a system Ri, D) satisfying the 
numerical conditions of the table at the end of Section 3 and the conditions 
(a), (b), (¢), (e). (f) of Theorems 5 and 18). It is worth noting that all 
of these conditions are not independent; certainly (b) is not needed, for 
instance. The plane is defined to consist of points and lines exactly as in 
Section 4, and incidence is also exactly as in Section 4, excepting for the 
case (Ha) on [jb], which is as follows: 

(i) if c—j7—0, then if Roa—Xb; (ii) never, if one of i or j is zero 
and the other is not zero; (iii) if 1,740, then if ij and gja€ Qb. 
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We shall not carry out the proof that the set of points and lines defined 
in this fashion, with this incidence relation, forms a projective plane of type 
(4,m), since it is very similar to the proof given for type (2) in Section 4. 

At this point two examples of planes of type (4,m) will be given, both 
of which have the property n = (m—1)?. 


Example 1. Let m=3,n=4. Then z is Desarguesian, and any planar 
ternary ring for z is isomorphic to GF(4). For each a€ GF(4), a0, 
define the mapping ¢, as follows: 


da: (2, y) > (ax, ay), da: [m,k] [m, ak], 
ga: (k,0)]—>[0, (ak, 0)], 


where ¢, fixes the remaining elements of 7. The set ©, of such mappings is 
a collineation group of order three. Furthermore, define the mapping @ as 
follows: 
6: (x,y) (2, y?) [m, k | [m?, k?] 
(m) — (m?) [ co, (k,0)]— [00, 0) 


where again the remaining elements are fixed. Then 6 is also a collineation 
and it is easy to see that group % generated by @, and 6 is non-abelian of 
order 6. Furthermore, each element of @ fixes the points (0,0), (0), (1), 
(«), and the lines joining these points: this is 7. It is not hard to show 
that @ is transitive and regular on both ordinary points and ordinary lines. 
The subgroup 8, is @,, and the various Rt; and &;, 140, are the conjugates 
of the group of order two generated by 6. 


Example 2. Let m=4,n=—9. Let the planar ternary ring (Rf, be 
the left near-field of order 9. Then (see [15]), the center of R is a subfield 
of order 3, which we will call S; furthermore, the automorphism group G, 
of R is non-abelian, of order 6, and (G, is transitive and regular on the 
elements of R which are not in S (and of course G, fixes every element of S). 
For each # € G,, let @ also denote the mapping of the plane given below: 


y) > yp) [m, k] [m¢, ko] 
(m) (md) [ co, (k,0)] (kg, 0) 
where ¢ fixes (co) and Z,. Then obviously the set %, of all such mappings 
¢ is a collineation group isomorphic to G,. For each a€ R, a0, define 
the mapping 0, as follows: 
Oa: (x,y) (aa, ay) [m, k] [ama-, ak] 
(m) (ama-) [ oo, (k,0)]— (ak, 0)], 
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where 6, fixes (00) and L,. Then the set @, of all such mappings is a collinea- 
tion group of z. Let & be the group of collineations generated by &, and &,, 
Since 0a¢ = $6.9, and since &, has order 8, & has order 48. ‘The set of 
fixed elements of @ are the points (0,0), (0), (s), s€S, and the lines 
[0,(0,0)], Ls, [s,0], s€ 8S. The point (2,y) is on a fixed line if and 
only if e—0 or se +y=0 for some s € 8; i.e., if and only if r—0 or 
xty€ 8. So the ordinary points are the points (z,y) for which «~0 and 
ary € 8. If (x,y), (u,v) are a pair of ordinary points, then (z,y)¢0, 
= yd) = (u,v) if and only if a-rp=—u, This yields 
= (xy), and since u-'v, ¢ S, there is exactly one (, satisfying 
this equation; then a is uniquely determined from a~u(2r¢) '=v(y¢)". 
So @ is transitive and regular on ordinary points, and similarly, is transitive 
and regular on ordinary lines. Suppose (r) is the point Ry; note that r¢ 8. 
Then §, consists of those elements 6,6 for which (ara')@?=—r. If MN, is 
normal in @ then it is clear that St, fixes every point on Ky (—L,) and 
thus we would have (ara“')d?=-, all r€ R. But this implies that @ is an 
inner automorphism of the multiplicative group of the near-field, and since 
the right distributive law is not valid, this implies that 1. Then ara 
all z€ R, so a€ S, and ®, has order two; since #, must have order 8, this 
is a contradiction. Hence we have an example of a partial difference system 
of tvpe (4,m) in which ®t, is not a normal subgroup of &, and so Theorem 16 
cannot be extended to the case n= (m—1)*. Interestingly, © does possess 
normal subgroups of order 8: ®, is an example (there is nothing contradic- 
tory in this of course, for a Sylow 2-group of @ has order 16). 

If instead of a left near-field and the group @., we had used a right 
near-field and the group = {6,}, a4 0, where: 


6,8 y) > (xa, ya) [m,k |] [m, ka] 
(m) > (m) [ oo, (k,0)]— [ 0, (ka, 0) |. 


where 6, fixes (co) and L,, then would be normal in (5. 

The case where m = 3, n~ (m—1)? appears more interesting than the 
case n == (m—1)?, if only because n is not restricted to being a square. Some 
remarks can be made about the first few possible orders n = 2-4-1: 17 isa 
prime and no non-Desarguesian planes of prime order are known; 33 is not 
possible, since it is one of the orders rejected by the Bruck-Ryser result ([{7]); 
65 is not a prime power, and has the further interesting property that 64 is 
the smallest number for which there is a near-field of characteristic two which 
is not a field (see [15]). 

As remarked previously, if n+ (m—1)*, m=3, then @ must be the 
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holomorph of the additive group of a right near-field with its group of right 
multiplications. Now we investigate this in more detail. In what follows, 
R is a right near-field of order 2* (not excluding the possibility that R is a 
field). Then @ can be represented as the set of all couples (a,b), a,b€ R, 
a4~0, with the operation (a,b) (c,d) = (ac,bc-+d). Then (1,0) is the 
identity of G, and (a,b)-*= (a, ba-*). is the subgroup consisting of 
all elements (1,0), and 9,, say, is the subgroup consisting of all elements 
(a,0). Then &, ix40, is the conjugate of %, consisting of all elements 
(a.ya+ yi), and 9, +340, is the conjugate consisting of all elements 
(a, 2a 2;), where the y; and 2; are fixed elements of RF, satisfying yj, 
2:42; if ij. Then by the proper choice of the point P, and the line J, 
(i.e. Ry on Lo) we can assume that D consists of all elements (2z,zT), 
r0.1, where 7 is a one-to-one mapping of the non-zero, non-identity 
elements of R into the non-zero elements of R. If we choose gi to be the 
element (1, ¥;-+2;), then our system will be a partial difference system of 
type (4,m) if we demand the following: 


(1) Ifa 0.1, and bAya-+ y;, then (ax)T + cT = br has a unique 
solution for 2. 

(2) IftAj, then eT Ayr + 2; for any R. 

(3) For all R, aT -y + (ay) T + %. 


From these conditions all of (a), (ec), (e), (f) can be proven (we do 
not really need (b), as pointed out earlier, but it too can be proven from 
(1), (2), (3)). There is nothing complicated about the proof of these 
statements, and we omit it. 

The author does not know of any examples of mappings T (together 
with choices of the constants y; and z;) which satisfy the above conditions. 
If RF is actually a field then T can be chosen to be a polynomial, which might 
simplify the search for such a mapping. 

One further remark about type (4,m). If n= (m—1)? and if = is 
Desarguesian, then a coordinate ring R for + (which must be a field) can 
be chosen so that one of the subplanes z, of Theorem 13 is coordinatized by 
a subfield S of R, where S has order m—1 and R has order n= (m—1)?. 
Then the points of z) can be taken as the points (0,0), (0), (s), s€8. 
Every collineation of + is given by a linear transformation, by an auto- 
morphism of FR, or by a product of these two types (see [14]). Using 
classical homogeneous coordinates for 7 it is easy to show that at most 
2(n—1) collineations of a fix the points of 2), and so m=3 is the only 


possibility. Perhaps the only point in the demonstration which is not com- 
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pletely obvious is that there are only two choices for an automorphism which 


fixes the points of zo. 


6. Type (5,m). Now we assume that x is of type (5,m). As in 
Section 5, we let N(%) represent the normalizer in © of the subgroup 
of We note that all of the and 1,7 0, are conjugates in finally, 


let g=n/m. 


THEOREM 19. Hach a fixes a subplane of of order m., 
and q is the index of N(Ri) in G. Any pair of the q distinct conjugates of 
R; intersects in the identity, and distinct conjugates of KR; fix different 


subplanes of x. 


Proof. Let 7, be the set of points and lines of x that are fixed by every 
element of a*ftja, and suppose 7, contains ¢ points on the line K,, j+0. 
Then since a“*9ta fixes exactly m-+1 points on Ko, 7, has order m (it is 
evident that x, is a non-degenerate subplane; see the proof of Theorem 13). 
and {—1=m. Since 7, contains {—1 tangent points on K;, it contains 
m tangent points on K;. Following the proof of Theorem 13, it is easy to 
see that distinct conjugates of i; fix distinct sets of tangent points on KX, 
so q is an integer; similarly, 8; has g distinct conjugates, any two of which 
intersect in the identity, so V(%t;) has index q in ©. 


LeMMA 5. If ns4m*, then m is odd and n is even. 


Proof. If m is even, then since n—=gqm, n is also even, so Rj. 10, 
has even order n—m. Thus. using Lemma 3 and the same argument as 
in Theorem 14, each conjugate of ft; is an R;, 7 40, so g—=m and n—m’. 
If m and n are both odd, then again »—~m is even, and the above argument 


leads to n= 
THEOREM 20. OS=—=N(RL)AR, has order m. 


Proof. The proof is almost exactly like that of Theorem 15. and we 


omit it. 
THEOREM 21. In type (5,m), n=m?. 


Proof. If nA m?*, then as in Theorem 16, § has odd order and Ry, has 
even order; all the conjugates of an element of 8, which is not in §, by 
elements of ,, are distinct, and so they all have order two, and are all in Rp. 
Hence we prove that ®, is normal in @, and that § is the subgroup of Ry 
containing all elements of order not two (plus the identity). So by Lemma 4, 
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© has index two in Ro, whence g=2. But if nm’, then n=m?-+m 
and g=m+1=83. Thus we have a contradiction, so n =m’. 

Now suppose x is a projective plane coordinatized by the linear planar 
ternary ring (2, F’) and suppose the following hold: (i) #& has order n =m’, 
(ii) R has associative addition, (iii) R contains a subset S of order m and 
an automorphism group G, which fixes each element of S and is transitive 
and regular on the elements not in S. For each ¢€ G, define the mapping ¢ 


of z as follows: 


p: (x,y) > 99) [m, k] > |m¢, ko] 
(m) (m¢) [ co, (k,0)]— [o, (kd, 0) 


(20) (0) haw Ly. 


Then the set of all such mappings is a group @, (isomorphic to G,) of 
collineations of 7, and @, has order n—™m. 


Furthermore, for each a€ R, define 6, as follows: 


64: y) > (a, y +a) [m,k]—>|m,k+a] 
(m) (m) [ co, (k,0)]— [00, (k, 0) ] 


(0) (0) Lig Lez. 


Then the set of all such mappings is a group ®, of collineations of 7, and 
@, has order n. 

Since = $6.4, the group generated by @, and has order 
n(n—m). @ fixes the points (0), (s), s€ 8, and the lines L,, [ 0, (s,0) ], 
s€S. (This is wo.) It is easy to see that @ is transitive and regular on 
the points of + which are not on lines of zo, and on the lines of + which do 
not contain points of a». So zw is of type (5,m). 

In [8] Hall has described a technique for constructing a class of V-W 
systems, as follows. Let S be a field of order p'342, p any prime, let 
2*—az—b, for a,b€ 8, be an irreducible quadratic over S, and let R be 
the set of all elements Ax + y, for 2,y€ 8S, where A is some indeterminant. 
Define addition in R by (Ar+y) + (Au+v) + (y+), and 


multiplication by: 
(i) y(Au+v) =dAyut yr, 
(ii) if 20, then 
(Ac + y) (Au+ v) =A(au + av— yu) + +ay+ 6) + ye. 


Then R is a left V-W system, does not satisfy the right distributive law, 
and does not have associative multiplication unless p'—3, a=0, b=2. 
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The automorphism group of f# consists of all mappings 7’ given by 
(Ax + y)T + yd, where ¢ is any automorphism of § 
which fixes a, b, and where c, d are arbitrary in S, except c~0. (These 
statements are easy enough to prove given (i) and (ii); (i) and (ii) can be 
derived from the directions given in [8].) 

If we let ¢=1, then we have a group G, of automorphisms, of order 
pt (p'—1), fixing every element of S, transitive and regular on the elements 
not in S. Thus each V-W system of this class gives an example of a plane 
of type (5,m). For p'=2 (i.e, n—=4, m=2) it is easy to see that the 
mapping of GF(4) given by x—2* generates a group G, with the desired 
properties. So for every order n= p*‘, p a prime, there is a plane of type 
(5,m). Using the argument at the end of Section 5, it can be shown that 
the only Desarguesian example must have m—2, n= 4. 

The problem of constructing the plane from the partial difference system 
is almost exactly like that for type (4,m). The gi; are defined in exactly 
the same way, whenever Q; is not on K; (which is whenever 7 and j are both 
non-zero). Since every left coset of Ry is of the form dR, d€ D, the last 
sentence of (e) of Theorem 18 is deleted, and the rest remains. (And of 
course, (a), (b), (c) of Theorem 5 still hold.) 


7. Type (6,m). For this type we note that there is nothing “ special ” 
about the subgroups ®t, and &%o, and thus all of the R; and &; are conjugate 
in &. Let g= (n—m)/(m?—m). 


THEOREM 22. The order of N(R) ts (m*—m)(n—~m?), and gq is an 
integer. Any patr of the q distinct conjugates of R; intersect in the identity. 
For each conjugate of R; there is a subplane of x, of order m, containing 7, 
which is fixed (element-wise) by each element of the conjugate; distinct 
conjugates fix different subplanes. 


Proof. Consider the subgroup a“*Sija, and suppose this subgroup fixes / 
(where ¢ is necessarily positive) tangent points on K;. Then, using the type 
of argument found in the proof of Theorem 13, it is clear that a‘, fixes 
a subplane of x, of order m+ ¢, and this subplane contains z,. Also, as in 
Theorem 13, distinct conjugates fix different subplanes, each of which has 
the same order m-+?#, and each conjugate fixes a different set of ¢ tangent 
points on K;. Since each of these subplanes of order m + ¢ has the property 
that every one of its points is on a line of zo, each subplane must have 
order m*, so t==m*—m. Since ¢ must divide n—~m, which is the number 
of tangent points on Kj, qg must be an integer; furthermore, ¢ is the index 
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of R; in its normalizer, so the order of N(R) is (m?—m)(n—m?*). Again 
as in Theorem 13, distinct conjugates of 9; intersect in the identity. 


THEOREM 23. In type (6,m), n=m*. 


Proof. From Theorem 22, q is an integer, so n= q(m?—m) +-m=m 
(mod 2), since m?—m is even. But then n-—m?, which is the order of Mi, 
is even, so §t; contains an element of order two, and so does each conjugate 
of R; Then, by Lemma 3, every conjugate of fi; is an Rj, so g== m? + m + 1. 
This immediately implies n =m‘. 

The author does not know of any example of type (6,m). However, 
using the argument of the last paragraph of Section 5, it can be shown that 
no example can be Desarguesian. The problem of defining the plane from 
the abstractly given partial difference system is also similar to the situation 
for types (4,m) and (5,m). The gj are defined in the same way, and 
then the conditions (besides (a), (b), (c) of Theorem 5) are exactly those 
of Theorem 18, excepting that the second sentence of (e), the first sentence 
of (f), and all references that would prevent 7 or 7 from being zero, are 
deleted. 

In order to construct a plane of type (6,m), the plane 7) must be 
fully known. Since the only planes known at the present time have prime- 
power order, the use of such a known plane would result in a plane a which 
also had prime-power order. Thus this type does not seem to offer a very 
practical method of constructing planes of new orders. 


8. Remarks. .\s pointed out above, type (6,m) appears to be perhaps 
the least hopeful method of constructing planes of non-prime-power order. 
For somewhat similar reasons, type (5,m) and type (4,m) with n= (m—1)? 
do not appear particularly promising. But type (4,m), with m=3, looks 
quite interesting, and an investigation of the conditions (1), (2), (8) of 
Section 5 might lead to some new planes. The remaining types seem to 
call for further study, although new and deeper techniques will probably be 
necessary. 

The existence of right or left planar division neo-rings that are not 
V-W systems, even though the examples given in this paper define well- 
known planes, might be investigated further. Without the assumption of 
associative multiplication, such systems need not lead to planes of type (3). 
But using the techniques of [11] (see also [6]), it can be shown that if R 
is a left planar division neo-ring then the right nucleus of the multiplicative 
loop of R, plus the zero element, forms a subsystem of the same type, with 
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associative multiplication (the right nucleus of a loop G consists of all Dé G 
such that (ry)b=—-a(yb) for all z,y€G@). Hence associative systems of 
this kind form a natural starting point for any investigation. 

Finally, it is worth noting that practically every type of finite projective 
plane known at the present time is included in at least one way in the class 
of partially transitive planes. 
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ON A THEOREM OF LAZARD.* 


By JEAN DIEUDONNE. 


1. M. Lazard has proved, by an ingenious direct argument [3], that any 


formal Lie group of dimension 1 over a commutative ring K with unit element 
' and without nilpotent elements, is necessarily abelian. When K is a field of 
| characteristic 0, Lie theory yields a trivial proof of that result, and it was 
; natural to expect that there should also be a simple proof using Lie theory 
’ when K is a field of characteristic p> 0. Up to now, however, I had only 
! been able to give (in [2]) such a proof under the additional assumption 
© that Y.2~0. (1 use the terminology and notations of [1] and [2]). The 
u purpose of this note is to complete the proof by treating the remaining case 


2. We recall that the hyperalgebra © of the one-dimensional group 


3 under consideration has a basis over K consisting of the unit element J 
and of the monomials XY, X,~X,"- - -X,°, with a; < p; the elements 
» of that basis other than J generate a two-sided ideal ©,. Our proof rests on 
the two following observations: 


a) for any pair of elements U,V in ©, [U,V]€ &,; 


b) a relation of the form AY,+ X,U =0, where G, and AC K, 


implies 0: indeed, the product of X, with any monomial XY, € is either 
; 0 or a monomial Xz of total degree = 2, due to the assumption 1)? = 0. 


We have seen in [2, pp. 227-228] that , commutes with every other Xj. 
Using induction, we assume that Xo, commute with all the 


and that commute with all we need to do is to 


| prove that Y, also commutes with Y,. 


Using Lemma 1 of [2, p. 224], we have 
(1) [X,,X,] —aX, with a€ K. 
From the definition of the Frobenius homomorphism p’ [1, p. 103], it 
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follows that the kernel of p’ is generated by all monomials XY, in which a, > 0; 
from (1) we derive therefore 


(2 ) = + 4-1 + + + XV 


where the U; belong to &. Similarly, from the assumption [Y;.,X,.| =0, 


it follows that, for every 1= 0 
(3) [X;.X,] XoVi with &. 
As commutes with we derive from (2) and (1) 


(4) Xv] 


and from (3) and the identity [V, YZ] =[X.Y]Z-+ YLYX,Z] it follows that 


with WE @,. But, by the Jacobi identity, the left-hand side of (5) is 
[ [Xris, Xr] |] — [Xes, using (3) and remark a), and remem- 
bering that XY, commutes with everything, this expression has also the form 
X,W’, with W’€ &,. Remark b) then proves that a0, q.e.d. 
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